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EXPERIMENTAL AND MATHEMATICAL
ANALYSES OF DRAIN TILE TEST-
ING AND NEW TEST BEARING'
By DALTON G. MILLER2 and JOSEPH A. WisE3
Three different bearings for strength tests of drain tile are recog-
nized by the American Society for Testing Materials4 : (1 ) the sand
bearing (Fig. ), in which the upper quadrant and the lower quadrant
of the tile are imbedded in sand, through which the load is applied ;
(2) the two-edge bearing (Fig. 2), in which the load is applied at
extremities of the vertical diameter, the upper and lower platens having
plaster of paris contacts; and (3) the three-edge bearing (Fig. 3), in
which the tile rests on two strips of wood one-half inch radius bevel
on the inside while the load is applied through a plane bottom timber
resting on the uppermost element of the tile.
Plaster
Bearing;
(-Metal Bearing of
' Testing Machine
-I "square Steel Bar
'.---Plaster Bearing
..... /ftsguareSlee/ Bar
--Lower Bearing
of Testing
Machine
Detail of Lower Bearing.
Fig. s. Sand Bearing Fig. 2. Two-Edge Bearing Fig. 3. Three-Edge Bearing
Standard Bearings for Testing Drain Tile, 1927 Book of A.S.T.M. Standards
1 This paper is based on experiments at the drain tile laboratory, University Farm,
St. Paul, Minn., conducted by the Department of Agriculture of the University of Minnesota,
the Department of Drainage.and Waters of the State of Minnesota, and the U. S. Depart-
ment of Agriculture. These experiments were outlined primarily to simplify the testing, for
strength, of drain tile of large diameter, altho the results of the work also apply to the
testing of both sewer pipe and culvert pipe.
2 Senior Drainage Engineer, U. S. Dept. of Agr., in charge of co-operative drain tile
laboratory.
3 Assistant Professor of Structural Engineering, Civil Engineering Department, Univ. of
Minn. (Formerly Junior Drainage Engineer, U. S. Dept. of Agr.)
4 Standard Specifications for Drain Tile, 1927 Book of A.S.T.M. Standards.
6 TECHNICAL BULLETIN 52
• In the course of the work in Minnesota several thousand drain tile,
of sizes from 4 to 36 inches in diameter, have been tested, using for
the most part the three-edge bearing, as this type is best suited for
ordinary requirements, both in the laboratory and in the field, as it is
generally necessary to keep the cost of testing at a minimum. Con-
siderable difficulty, however, has been experienced with this bearing in
the testing of tile as large in diameter as 22 inches and upward, owing
to a tendency to roll out of the machine as the load is applied, unless
the tile are truly circular in shape and of constant wall thickness. Also,
tile that are out of shape or of ‘non-uniform wall thickness will usually
not have the center of gravity and geometrical center coincident. This
introduces inaccuracies in the test.
The chief objection to the sand bearing is that it is tedious of
application, particularly for tile of large diameter, while the same
objection holds to a lesser degree for the two-edge bearing.
THE MINNESOTA BEARING
To obviate the difficulties with the three standard bearings, a new
bearing, tentatively named the Minnesota (Fig. 4), is suggested. When
the tests were outlined and until completed, it was thought that this
bearing was entirely new. It later developed that this was not strictly
true, as some years ago a few tile were tested at University Farm in
which this bea\ring was used by John T. Stewart as a part of the
earlier work of the A.S.T.M. committee on drain tile also, rather
peculiarly, the bearing was then called the "Minnesota" and was so
referred to in reports covering the earlier work. For some reason no
efforts were made after the first very meager tests to develop this
bearing and so far as known no mathematical analysis of it has here-
tofore been offered, so that to all intents the Minnesota bearing, as
considered in this paper, is new.
As indicated in Figure 4, the lower
quadrant of the tile, using the Minne-
sota bearing, is imbedded in sand as in
the sand bearing,- while the load is ap-
plied along the uppermost element of
the tile through a timber, as in the
three-edge bearing. This bearing has
advantages over the sand bearing of
simplicity and rapidity of application
and eliminates the tendency of tile to
roll, as with the three-edge bearing.
In addition, tile that are out of shape or
non-uniform in thickness will probably
receive a more accurate test with this than with the three-edge bearing.
Fig. 4. Minnesota Bearing
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A series of tests was planned to determine experimentally the
sand/Minnesota test ratio. It was decided to test tile at the same time
on the three-edge bearing, because of its wide use, and to obtain further
information as to the ratio between sand and three-edge bearing
strengths.
A total of 1750 tile, from eight Minnesota tile plants, were tested,
378 of these being clay tile and 1372 concrete. Most of the tile
tested were concrete, as they were more readily obtained. There is
-no reason to believe that the materials of which the tile were made had
any appreciable effect on the strength ratios of the various bearings.
ROUTINE FOLLOWED IN TILE TESTS
A tile testing machine known as the Universal was used in this
work. All tile up to 12 inches in diameter were broken directly upon
the platform scales. The 14-inch tile 2 feet long, and the i6-inch tile
18 inches long were also tested directly. The longer 14- and i6-inch
tile and all larger sizes were tested by means of a i: 5 ratio lever arm.
A minimum depth of sand equal to one-fourth of the internal diam-
eter of the tile was maintained below the bottom of the tile and also
above the top in the sand bearing. The upper sand box varied in size,
depending upon the size of tile. It conformed as nearly as possible
with the A.S.T.M. specifications. [ I] Canvas was nailed to the box
to retain the sand after the tile had collapsed. The smaller tile were
tested in the three-edge bearing by means of a lower bearing placed
upon the top of the sand box. •A 4 x 6 inch oak block was placed
below the lower bearing to increase rigidity and so cause a uniform
distribution of load. The upper and lower bearing blocks were of oak
and about 4 x 4 and 3 x 4 inches, respectively. A strip of white
pine was used to face the upper bearing block of the three-edge and
Minnesota bearings, while the two strips on the lower bearing of the
three-edge bearing were of white pine. In order to eliminate accidental
variations, as far as possible, the tile was tested in cyclic rotation:
sand bearing, three-edge bearing, and Minnesota bearing. For the
larger sizes, 20 inches and above, this was not done; instead, the order
of testing was changed so that the sand and Minnesota bearings were
used alternately and the three-edge bearing independently, the lower
bearing being placed directly upon the lever arm. For most of the tests
the sand was air dry, but for the 20-inch, 24-inch, and 30-inch tile it
was lightly sprinkled.
All tile were taken from stock piles at the various plants and were
at least three months old when tested. Many were a year or more old.
In general, all tile appeared to have been well made, as the concrete
tile were nominally of a 1-3 mix and the larger sizes contained consider-
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able coarse aggregate. (34-3/4 inch) while the clay tile were reasonably
hard burned. The smaller concrete tile were made on rotating packer-
head types of machines and the larger sizes were made on a tamping
type or a more recently designed type of packer-shoe machine. The
tile were carefully selected and only those of fairly uniform thickness
and circular cross-sections were taken. Only tile without cracks, and
otherwise sound, were taken, and the few that were cracked in ship-
ping were not tested. A few in each group were tested for absorption
in accordance with the A.S.T.M. standard test. [I]
The procedure at the laboratory was substantially as follows: The
tile were stored upon arrival, _some in the building and some outdoors.
They were numbered and weighed and the diameter, length, and thick-
ness of several tile of each size from every plant were measured. The
tile were then distributed so that for each size from every plant the
average weight was practically the same for all three bearings.
Most of the tile were tested as they came from the stock pile, with-
out wetting, as it was thought that in making these bearing tests it
made no appreciable difference whether the tile were wet, moist, or
dry so long as the condition ofi. all tile in any single series of tests was
the same. However, in order to verify this assumption, 330 tile were
selected and half were tested dry while the other half were tested after
14 hours immersion in a tank in the laboratory. As will be noted in
Table I, the difference in the wet-dry ratio is very slight for the three
types of bearings. Table I, altho not complete enough to establish an
exact relation between the strength of tile tested wet and tile tested
dry, does indicate quite definitely a lower strength for concrete tile
tested wet. Whenever possible concrete tile should be tested wet, but
if tested dry some allowance should be made for the fact that the
results are unduly high.
There are not sufficient data at hand to establish any relationship
between strength and absorption of clay tile tested wet and tested dry,
but wet clay tile apparently do not lose as much in strength as do wet
concrete tile. In any case the basis for all strength tests should be tile
thoroly wet, preferably by immersion for at least 12 hours, and tests
of dry tile should be made only when it is not expedient to test
them wet.
TABLE I
COMPARISON OF RESULTS OF TILE TESTED DRY AND TILE TESTED WET
Tile tested dry Tile tested wet
Test Internal Av. 
  Wet/dry Av.
bearing diameter absorp- No. Strength No. Strength ratio wet/dry
used of tile tion tested per lin. ft. tested per lin. ft. ratio
Concrete Tile
in.
Sand 6
3-Edge 6
Minnesota 6
Sand 6
3-Edge 6
Minnesota 6
Sand 6
3-Edge 6
Minnesota 6
per cent
.9.3 {
9.2
8.5
5
5
5
5
5
5
5
5
5
Sand 6 1
i 
1 5
43-Edge 6 10 5
Minnesota 6 5
3-Edge 6 11.1 10
Sand 8 1 5
3-Edge 8
1 
11.4 5
Minnesota 8 5
Sand 8 1, 1 43-Edge 8 r 8.5 4
Minnesota 8 J 4
3-Edge 8 , 8.2 5
Sand ro
3-Edge 10
Minnesota io
Sand TO
3-Edge 10
Minnesota io
Sand 10
3-Edge 10
Minnesota 10
10.6
10.7
10.6
5
5
5
5
5
5
5
5
5
3-Edge io 8.7 4
Sand 12 f 53-Edge 12
} 
9.2 i
Minnesota 12 l 5
3-Edge 12 • 9.8 5
3-Edge 15 7.6 4
3-Edge 28 5.3 5
3-Edge 28 9-4 3
3-Edge 30 11.4 5
Sand 4 5
3-Edge 4
1 
/2.3 5
Minnesota 4 5
Sand 8 5
3-Edge 8
1 
12.9 5
Minnesota 8 5
lb.
1956
12.76
1256
1828
1207
5
5
5
5
5
lb.
1550
1031
1077
1408
913
1299 5 962
1368 5 1288
1041 5 745
1077 5 86x
1570 5 1094
1012 5 791
954 5 826
981 9 909
1531 5 12.65
106i 5 858
1057 893
1681 5 1418
1135 5 979
1055 5 967
1678 5 1177
1873 5 1315
1384 5 945
1467 5 1004
1663 5 1199
970 5 765
1130 5 803 '
1287 4 1120
905 5 739
938 5 749
1468 3 1221
. 
2202 5 1982
1470 5 1337
1493 5 14 63
1478 5
.... 
1543 '
1792 3 1489
3340 5 4005 s
1850 3 2133
1637 5 1588
Clay Tile
1947 5 2055
1492 5 1347
1408 5 .1366
1957 5 1949
1463 5 1284
1418 5 1254
0.792
.808
.857
.770
.756
. .741
.942
.716
•799
0.819
.756
.819
.697
1.782 .782
.866 IJ
•93 .93
.826 1
.809
. 
.827
.845 
I
.844
:875.863 
./*
.917 )
.701 .701
.702
.683 .690
.684
.721
•789
.711
.870
.817
•799
•740
.829
.832 .832
.900 
}
.910 0.930
0.980
1.044 1.044
0.831 0.831
1.199 1.199
1.153 1.153
0.970 0.970
1.055
10.903 0.976
.97,o i
.996 1
.878
.1 
0.920
0.884
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TEST DATA AND DISCUSSION .
Individual tile tests are not shown in this report, but the results
have been summarized in Table II, while Figure 5, in which the abcis-
sae are the internal diameter of the tile and ordinates the average
strength ratios for each tile size, is based on Table II. The heavy hori-
zontal lines in Figure 5 show the arithmetic average for each bearing,
4-inch tile being omitted in the average for the sand/three-edge ratio
and sizes under 14 inches being omitted for the average of the
sand/Minnesota ratio. The average for the sand/three-edge ratio for
sizes 6 to 30 inches is 1.49, as determined experimentally, and for the
sand/Minnesota ratio is 1.31 for sizes 14 to 30 inches. These results
closely approximate ratios of 3/2 and 4/3 respectively. The results
of the tests of the 4-inch tile were omitted in the average for the
sand/three-edge ratio, as the load could not be applied properly to the
4-inch tile using the sand bearing because the tile pressed into the sand,
sometimes as much as half its diameter. Sizes below 14-inch were
omitted in the average of the sand/Minnesota ratio as the tests indicate
an apparent tendency for this ratio to increase for tile of smaller diam-
eter and, in any event, the practical application of the Minnesota bear-
ing is for the larger tile.
TABLE II
SUMMARIZED RESULTS OF TESTS OF 1750 DRAIN TILE, 6 TO 30 INCHES IN DIAMETER, USING
THREE DIFFERENT TEST BEARINGS
Diam. Mann- Kind of
of tile facturer tile
in.
4 T Clay
6 T Clay
6 NN Concrete
6 A Concrete
6 S Concrete
6 B Concrete
Weighted average for 6-in. ....
8 S Concrete
s NN Concrete
8 T Clay
8 B Concrete
8 A Concrete
Weighted average for 8-in. ....
10 S Concrete
io NN Concrete
10 B Concrete
10 A Concrete
Weighted average for io-in. ...
Breaking strength per lin. ft. Strength ratios
No. of
tile Bearing Sand
3-edge.
Sand
Minnesota
Sand 3-edge Minn.
lb. lb. lb.
150 1960.4 1425.6 1400.6 1.375 1.400
138 2490.3 1557.0 1505.7 1.599 1.654
90 1704.5 1107.2 1138.9 1•539 1.497
15o 1514.7 1033.9 1058.7 1.465 1.431
i8o 1902.2 1233.4 1260.2 1.542 1.509
54 1410.7 . 922.5 940.6 1.529 1.500
612 1.534
-
1.520
90 1536.7. 1058.9 1107.6 1.451 1.387.
30 1604.5 1030.2 1091.2 1.557 1.470
90 2026.1 1376.3 1366.9 1.472 1.482
33 1506.1 1033.6 1004.9 1.457 1.499
57 1538.5 1055.8 1070.1 1.457 1.438
3oo
_...._
1.4461.470
90 1823.9 1280.7 1330.1 1.424 1.371
30 1431.0 868.o 967.0 1.649 1.480
30 1212.4 822.2 843.6 1.475 1.437
30 1780.4 1222.6 1249.9 1.456 1.424
1.409
-
18o 1.475
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TABLE II-Continued
Breaking strength per lin. ft. Strength ratiosDiam. Manu- Kind of No. of
---
Bearing Sand Sand• of tile facturer tile tile
3-edge Minnesota
Sand 3-edge Minn.in. lb. lb. lb.
12 NN Concrete
12 A Concrete
30
30
2023.1
2092.0 :3403.31 5
1374.8
/4 3
1.520
1.491
1.472
1.417
12 Concrete
Weighted average for i2-in.  
87 1762.6 1199.2
276;
7 .2. 1.470 1.380
147 1.484 1.406
14 F Concrete 30 1838.0 1232.4 1423.0 1.491 1.292
14 S Concrete 25 2449.6 1603.5 1754.9 1.528 1.396
Weighted average for i4-in.  55 1.508 1.339
16 F Concrete 30 2133.0 1538.2 1727.8 1.387 1.235
16 S Concrete 30 2203.4 1495.1 1637.0 1.474 1.346
16 B Concrete 27. 2458.0 1596.7 1702.0 1.539 1.444
,
-
87 •
_
1.464Weighted average for i6-in. . • • 1.338
20 B Concrete 24 2311.5 1735.8 1954.8 1.332 1.182
20 F Concrete 24 2373.0 1529.3 1836.8 1.552 1.292
20 S Concrete 21 1673.3 1347.7 1412.9 1.242 1.184
20 X Concrete 30 1872.5 1457.0 1572.5 1.285 1.191
20 II Concrete 24 1916.0 1461.3 1.558.0 1.311 1.230
-----
.123
-
1.344
-
1.215Weighted average for 2o-in. -
24 F Concrete 15 2361.6 1523.2 1714.4 1.550 1.378
24 S Concrete 15 3341.8 2118.4 2572.4 1.578 1.299
24 B Concrete 15 3396.8 2014.0 2475.2 1.687 1.372
26 X Concrete 9 2871.3 2101.3 2456.0 1.366 1.169
54
-
1.565 1.320
Weighted average for 24- and
26-in 
30 F Concrete 15 5191.2 3706.0 4194.4 1.401 1.238
30 B Concrete 15 5098.8 3208.8 3609.2 1.589 1.413
3o S Concrete 12 6260.5 3713.5 4703.5 1.686 1.331
Weighted average for 3o-in. ... 42 1.550 1.327
Arithmetic average of weighted averages for each size, 6 to 30 in 1.488
Arithmetic average of weighted averages for each size, 14 to 30 in 1.307
The average variation from the mean of the tests made in each
bearing was computed on the basis of weighted averages for each size
and plant. The results are recorded in Table III.
These experimental data indicate that all three bearings are about
equally.reliable, as any difference is too slight to be of consequence.
However, for the large tile the difference in favor 'of the Minnesota
bearing was somewhat greater than for the average.
After completing the tests of the 1750 tile, as recorded in Table II
and plotted in Figure 5, it was decided to follow up this work along
somewhat different lines in order better to analyze the actual relation
of tests of drain tile made in the three bearings and, if. possible, to
present exact mathematical solutions for each type of bearing, thereby
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fixing exact reduction. ratios. This is the purpose of the following
experiments and discussion.
Total number of each size tested
0 cics r- rn
r, co tr)
1.60
1.50
.1.40
1.30
L'1.20
1.10
1.00
CO
-
, I 
. 
 
9
4,,,,, r Average for Sao, J-edge ratio (6*-30)
,..
Leend 
.
Q.,., cAv. for Sand/Minn. rafio (14=30) a
, 
,-,
-,0 San /3-edge rail° .,-.%.,
U Sandhilinn.ralio
10" 12" 14" 16" ZO" 24=26 30
Diameter of Tile
Fig. 5. Comparative Tests of Drain Tile Showing Ratio Between Sand/Three-Edge and
Sand/Minnesota Bearings
TABLE III
AVERAGE VARIATION IN PER CENT FROM THE MEAN OF TILE TESTED IN DIFFERENT BEARINGS
Diameter
of No.
tile tested
Sand bearing
in.
6  158
8  70
10  6o
12  49
14  18
16  29
20  41
24&26  18
30  14
Totals  457
Mean weighted av  • • •
Arithmetic ay. 
3-edge bearing Minnesota bearing
Weighted No. Weighted No. Weighted
average tested average tested average
Concrete Tile
per cent per cent per cent
9.47 158 8.95 158 8.96
9.34 70 8.95 70 6.65
9.82 6o 11.13 6o 10.76
7.34 49 8.24 49 7.53
8.70 18 6.04 19 12.29
7.98 29 8.29 29 . 7.40
8.27 41 5.96 41 6.99
7.83 18 6.87 18 5.60
8.18 14 5.49 14 4.32
• •••
8.94
8.55
457
• • •
• • •
• • •
8.52
7.75
458
• • •
• • •
8.28
7.72
Clay Tile
4  50 10.64 50 10.70 so 11.79
6  46 9.45 46 11.77 46 12.45
8  30 7.09 30 12.05 30 7.67
Totals  126 • • • 126
Mean weighted ay  .• • • 9.36 • • •
Arithmetic ay.  • • • 9.o6 • • •
• • •
11.41
11.51
126
• • •
•
• • •
11.05
10.64
Summary
Grand total  583 . • 583 . 584 • •
Combined weighted
averages  
Combined arithmetic
averages 
9.03 • • • 9.14 • • • 8.88
8.68 • • • 8.69 • • • 8.53
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Deflection of 30-Inch Tile Under Load
One of the 30-inch concrete tile was loaded under each of the three
bearings and the deformation of its vertical diameter was measured,
using three Ames dials reading to 0.00I inch, one being placed at each
end and one in the center of the
tile. They were lightly wedged in
place as shown in Figure 6. This
tile was of high quality, made on a
tamping type machine. It was not
corrugated on the exterior, .but was
slightly barrel shape, because it had
been manufactured from a very
plastic mix. The tile was nomi-
nally 30 inches long with wall
thickness of 3 inches. Its actual
average diameter was 30 inches, its
length 29 inches, and its wall thick-
ness 3.2 inches.
Figure 7 shows the actual deformation, as determined experi-
mentally, of the vertical diameter of this tile under loads of 1500, 3000,
and 5000 pounds applied through each of the three bearings. The
deformation (8) also has been calculated for the three bearings by
equations 31, 32, and 33, using the value of 6,360,000 pounds per
square inch as the modulus of elasticity of the concrete.
In Table IV are compared the actual and theoretical deflections of
the tile in the three bearings under the 5000-pound load.
Fig. 6. Ames Dial Used to Measure De-
flection in 30-Inch Tile Under Load
TABLE IV -
COMPARISON OF ACTUAL AND THEORETICAL DEFLECTIONS OF 30-INCH TILE 29 INCHES LONG
UNDER 5000-POUND LOAD IN DIFFERENT BEARINGS
Three-edge Minnesota Sand
bearing bearing bearing
in. in. in.Actual deflection 0.0084 o.0078 0.0074
Theoretical deflection 0.0072 0.0065 0.0059
A study of Table IV shows that the experimental deflection for
each bearing when compared with the theoretical deflection gives results
between 17 and 25 per cent more. This is satisfactory agreement, and
several factors might easily account for differences as small as these
and will not be discussed.
Using the deflection values of Table IV and calculating the three-
edge/sand, three-edge/Minnesota, and the Minnesota/sand ratios, as
determined experimentally, the results are 1.14, 1.08, and 1.05; while
the ratios as derived theoretically are respectively 1.22, 1.11, and 1.10..
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The theoretical values agree with the experimental as well as could be
reasonably expected.
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Fig. 7. Deformation of Vertical Diameter of 3o-Inch Drain Tile
0
Stresses in Wall of 30-Inch Tile Measured
Stresses in the wall of the same 30-inch concrete tile that was used
in the deflection tests were measured by a strain gauge with the tile
under different loads and in the various bearings. As the unit stresses
were very low, being limited by the tension in the concrete, it was
necessary to use a special instrument and an adaptation of the
Martens [2] compressometer was devised, as shown in Figure 8.
A and B are pieces of heavy brass fastened to the specimen by two
screws C and D. The distance between C and D forms the gage line
length G, about 2 inches in these tests. P is a very short (0.2 inch)
hard steel pin sharpened to a true point at each end. The rod R is
attached to the pin and carries a polished stellite mirror, M. A short
pin attached to B supports R and prevents it from dropping. The pin P
fits into punch marks in B and A. F carries a fixed mirror that is used
as standard. Any change AG in the gage length G will rotate the
mirror M, and for small angles the angle of rotation will be 
AG 
If a
W
scale S is placed a distance L from the mirror and its reflection in the
mirror is viewed through a transit, T, the crosshair of the transit will
appear to move a distance, S, along the scale. The angle of rotation
AG S .5W
of the mirror will be-. Therefore = - or AG= (Equa-W 2L ,
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AG SW 
tion ). The unit deformation will be -G =- 2LG (Equation 2). In
the tests described W was 0.2 inch, L was about 300 inches, G was 2
inches, and the least reading of the scale was 0.0I inch, so that the least
0I X.2deformation that could be read was . =.00000i7 inch or about2x3oox2
two millionths of an inch. Corresponding to a modulus of elasticity of
ONO
ELEVATION
Fig. 8. Diagrammatic Sketch of Mirror Compressometer, or Strain Gage
6,000,000, the unit stresses were measured to about 10 pounds per
square inch. Strain gage measurements, as recorded in Table V, were
taken at the inner and outer surfaces of the tile, as indicated in Figure 9.
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Fig. 9. Points on 30-Inch Tile at Which Stresses Were Measured with Tile Under
Various Loads
TABLE V
STRAIN-GAGE MEASUREMENTS OF STRESSES AT DIFFERENT POINTS IN THE WALLS OF A DRAIN
TILE 30 INCHES IN DIAMETER AND 29 INCHES IN LENGTH WHEN UNDER
VARIOUS LOADS IN THREE DIFFERENT TEST BEARINGS
Total
load
on
tile
Readings on engineer's scale
(50 divisions to inch) Su
Unit
deforma-
tion
Fiber
stress
in pipe
per sq. in.
Av. of Calculated Reduced
3 1-3 readings to inches
SAND BEARING
Gage on pipe at 4-B. G=2.00 in. L=290.4 in.
lb. in. in. lb.
500
1500
3000
5000
6000
•Average of four sets of readings
o
3.3
8.2
15.0
18.5
1.7
5.0
10.1
16.8
20.2
0.034
.100
.202
.336
.404
0.0000059
.0000172
.0000348
.0000579
.0000696
30
88
177
295
354
Gage on pipe at 2-B. G= 1.93 in. L=295.2 in.
500 0 0 o 1.8 .036 .0000063 32
1500 3.7 2.7 3.2 5.4 .108 .0000190 97
3000 10.2 7.7 9.0 10.8 .216 .0000379 193
5000 17.7 14.7 16.2 18.0 .360 .0000632 322
.6000 21.9 17.7 19.8 21.6 .432 .0000758 386
Gage on pipe at 2-C. G=1.98 in. L=307.2 in.
500 0 1.2 .024 .0000039 20
1500 1.5 3.5 .070 .0000115 59
3000 4.8 7.0 •140 .0000230 117
5000 Average of five sets of readings 8.4 11.7 .234 .0000385 196
6000 10.6 14.1 .282 .0000464 236
8000 17.6 i8.8 .376 .0000618 314
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TABLE V-Continued
Readings on engineer's scale f
Total (5o divisions to inch) Su Fiber
load Unit stress
on Av. of Calculated Reduced deforma- in pipe 
itile 1 2 3 1-3 readings to inches tion per sq. n.
lb. in. in. lb.
Gage on pipe at 2-T. G=2.00 in. L=312.6 in.
500
1500
3000
5000
6000
o
2.5
8.o
15.2
18.9
o o 1.6 .032
2.8 2.7 4.9 .098
7.8 7.9 9.8 .196
14.0 14.6 16.4 .328
17.0 18.0 10.6 .392
.0000051
.0000157
.0000313
.0000525
.0000627
26
8o
159
267
319
Gage on pipe at 8-B. G=1.96 in. L=290.4 in.
500 o 2.4 .048 .0000084 43
1500
3000 Average of three sets of readings.f
4.0 7.1 .142
11.4 14.2 .284
.0000249
.0000499
127
254
5000 20.5 23.7 .474 .0000833 424
6000 (26.1 28.5 .570 .0001001 509
Gage on pipe at 6-B. G=2.05 in. L=289.4 in.
500 o o o 3.2 .064 .0000108 55
1500 7.2 7.0 7.1 9.7 •194 .0000327 166
3000 18.o 15.5 16.7 19.3 .386 .0000651 331
5000 33.3 27.5 30.4 32.2 •644 .o0o1086 553
6000 37.8 33.0 35.4 38.6 .772 .0001301 662
Gage on pipe at 6-C. G=2.09 in. L=300.6 in.
500 o o 0 2.1 .042 .0000067 34
1500 3.7 4.2 4.0 6.4 .128 .0000204 104
3000 11.2 10.9 11.1 12.8 .256 .0000407 207
5000 20.0 19.0 19.5 21.3 426 .0000678 345
6000 24.7 22.0 23.4 25.5 .510 .0000812 413
Gage on pipe at 6-T. G=2.05 in. L=312.6 in.
500 0 o o 2.7 -054 .0000084 43
1500 5.0 5.5 5.3 8.1 .162. .0000253 129
3000 13-2 13.7 13.5 16.1 .322 ,0000502 255
5000 24.7 24.0 24.4 26.9 .538 .0000840 427
6000 29.7 29.5 29.6 32.3 .646 .0001008 513
THREE-EDGE BEARING
Gage on pipe at 2-C. G=1.98 in. L=300.6 in.
500 o o o o 1.8 .036 .000006o 31
1500 3.7 3.0 4.0 3.6 5.5 .110 .0000185 94
3000 9.7 8.o 9.0 8.9 10.9 .218 .0000366 186
5000 17.2 16.0 16.0 16.4 18.2 .364 .0000612 311
Gage on pipe at 2-T. G=2.00 in. L=312.6 in.
500 o o 0 2.0 .040 .0000064 33
1500 3.7 5.0 4.4 5.9 .x18 .0000189 96
3000 8.7 I0.0 9.3 11.9 .238 .0000381 194
5000 16.7 19.0 17.8 19.8 .396 .0000633 322
Gage on pipe at 6-C. G=2.09 in. L=300.6 in.
500 o • o o o 3.0 .o6o .0000096 49
1500 5.7 6.o 6.5 6.1 9.0 .180 .0000287 146
3000 18.7 15.0 16.o 16.6 18.1 .362 .0000576 293
5000 27.2 27.0 27.0 27.1 30.1 .602 .0000958 487
Gage on pipe at 6-T. G=2.05 in. L=312.6 in.
500 o 0 o 3.1 .062 .0000097 49
1500 6.o 6.2 6.z 9.2 .184 .0000287 145
3000 14.2 15.7 15.0 18.3 .366 .0000571 291
5000 26.4 28.5 27.5 30.6 .612 .0000955 486
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TABLE V-Continued
Total
load
on
tile
lb.
Readings on engineer's Scale f
(50 divisions to inch) & Fiber
Unit stress 
iAv. of Calculated Reduced deforma- n pipe
2 3 1-3 r,adings to inches tion per sq. in.
in. in. - lb.
500
1500
3000
5000
6000
500
1500
3000
5000
6000
500
1500
3000
5000
6000
MINNESOTA BEARING •
Gage on pipe at 2-C. G=I.98 in. L=307.2 in.
o o o o 1.5 .030 .0000049 25
4.0. 3.7 2.7 3.5 4.4 .o88 .0000145 74
8.3 8.5 7.2 8.o 8.7 •174 .0000286 1.16
13.3 14.5 13.2 13.7 14.5 .290 .0000477 243
16.0 15.9 16.o 17.5 .350 .0000575 293
Gage on pipe at 2-T. G=2.00 in. L=312.6 in.
0 0 0 • 2.1 .042 .0000067 34
3.7 3.3 3.5 6.2 .124 .0000198 1 0 1
9.4 9.5 9.5 12.4 .248 .0000397 202
19.4 17.7 x8.6 20.5 .410 .0000656 334
23.4 21.7 22.6 24.6 .492 .0000787 400
Gage on pipe at 6-T. G=2.05 in. L=312.6 in.
o o o 2.9 .058 .0000091 46
5.5 6.o 5.8 8.8 .176 .0000275 140
14.0 14.8 14.4 17.7 •354 .0000552 281
26.2 26.8 26.5 29.5 .590 .0000921 468
32.4 32.2 32.4 35.3 0.706 0.0001102 56i
= deformation of concrete in gage length
G = gage length, in.
W = width of• moving pin=0.20 in.
E = modulus of elasticity (initial)
= 6,360,000 lb. per sq. in.
Formulae
SW ,
got., = --- (Eq. 2)
( multiplied by the maximum scale readingmaximum load - soo
recorded in the column headed "Av. of 1-3."
Theoretical fiber stresses where strain gage measurements were taken,
6M
when calculated by the modulus of rupture formula f=7-: 2  (Equation 4)t 
in which t is the thickness of the tile wall, in inches, and M is the
bending moment in the wall of the tile expressed in pound-inches per
Su = unit deformation of concrete.
L = distance from mirror to scale, in.
S = reading of scale, in.
f = fiber stress in concrete.
f = .8E Su (Eq. 3) (factor .8 is due to instrument)
From the data of Table V, the actual fiber stresses were determined
by Equations (3) and (2) for the different points as recorded in
Table VI. The factor o.8 used in Equation (3) is an instrument con-
stant due to the fact that the deformation of the concrete was not
measured, by the device used, at the exact surface of the tile but 0.4
inch from it.
The calculated scale reading for any load, in Table V, is
load
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inch of length (as calculated from equations and developed in this
bulletin) are shown in Table VII and compared with the fiber stresses
as determined by Equation (3) as shown in Table VI.
TABLE VI
FIBER STRESSES IN WALLS OF 30-INCH PIPE WHEN UNDER A TOTAL LOAD OF 5000 POUNDS IN
- THREE DIFFERENT TEST BEARINGS
Data Summarized from Table V
Location of
gage on pipe
(See Fig. 9)
SAND BEARING
Fiber stresses at 5000-lb. load
Compression Tension
4-B 295
2-B 322
2-C 196
2-T 267
Average 270
8-B 424
6-B 553
6-C 345
6-T 427
Average 437
2C
2-T
Average
6-C
6-T
Average
2-C
2-T
Average
6-T
THREE-EDGE BEARING
311
322
316
487
486
486
MINNESOTA BEARING
243
334
468
288
TABLE VII
BENDING MOMENT AND MODULUS OF RUPTURE CALCULATED FOR SAND, MINNESOTA, AND
THREE-EDGE BEARINGS,
From
Table VI
Sand bearing, uniform loading M =.1545 Pr. =442 f = 258 (13) 270
Sand bearing, parabolic loading M .1655 Pr. =473 f = 277 (19) 270
Minnesota bearing, uniform loading  M =.1682 Pr. =481 f = 283 (i8a) 288
Minnesota bearing, parabolic loading  M =.1737 Pr. =.480 f = 280 (24) 288
Two-edge bearing M =.1817 Pr. =5.19 f = 304 (15) 316
P
= 5000
= 172.4 (load in lb. per in. of length)29
r = 16.6 in., radius of tile to center line of wall
t = 3.2 in., thickness of tile wall
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Unit Deformation, ten thousandths of an inch.
Fig. so. Stress-Strain Curves for Prisms Cut from 30-Inch Drain Tile
, Modulus of Elasticity of Concrete in 30-Inch Tile
After completing the deflection and stress tests, the 30-inch tile was
tested to destruction, and prisms roughly 3 x 3 x 6 inches were cut from
the wall. These were tested in compression in a 100,000 pound Olsen
testing machine and the stress-strain curve of the prisms was developed
as shown in Figure io. By this work the modulus of elasticity (E)
was found to be 6,36o,000 and this is the value used in the calculations.
Mathematical Theory of Stresses in Pipe
The problem of the elastic circular pipe is a special case of the prob-
lem of curved beams and, it is believed, was first analyzed by Dr. E.
Winkler in 1858 [3]. In this early memoir the circular ring subjected
to oppositely directed loads at the extremities of a diameter, is con-
sidered and its analysis is applied to chain links. The analysis also
appeared in 1867 in the same author's book "Elasticitatslehre" [4].
Todhunter and Pearson [5] summarized Dr. Winkler's work in 1886
and apparently gave him credit for priority in the solution of. the
circular ring. So far as known, the first analysis applied to pipe of
the type of drain tile and culvert pipe was by E. J. Fort and C. W. L.
•
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Filkins in 1895 [6]. These men considered the cases of opposed diam-
etral loading and of uniform loads distributed over the full width of
pipe. Fort and Filkins gave credit to J. Resal [7] and A. Madamet [8]
for having solved the problem of the elastic ring with opposed diametral
loads. In 1908 A. N. Talbot [9] cited analyses from the thesis of
W. Slater in which the opposed diametral loading and types of uni-
formerly distributed loadings were investigated analytically. Modifica-
tions of the results for thick rings were also given. Finally, in 1913,
the analyses for uniform loading distributed over various portions of
the width were given by A. Marston and A. 0. Anderson [pp]. A
more exact and rigorous solution for circular rings was indicated in
1924 by Dr. A. Foppl and Dr. L. Foppl [ I I].
For circular pipe tested in either sand or Minnesota bearings, the
distribution of pressure is not uniform. When the tile referred to in
this bulletin were tested, during the summer of 1924, no exact informa-
tion was available as to the distribution of this pressure, and mathe-
matical solutions of the sand and the Minnesota bearings- were there-
fore attempted on the assumptions that the distribution was (I ) uniform
and (2) after trial, parabolic. From these two assumptions, equations
(14), (i8), (20), and (20 were developed.. Solving these equations,
however, did not give results that closely checked the experimental
data. As it was thought that the general principles of the mathematical
analyses were correct and that enough tile had been tested to establish
fairly well the accuracy of the experimental data, the indications seemed
to be that the trouble was in the assumptions made as to pressure
distribution. The method of measuring this pressure distribution by
friction strips, as later described, was therefore developed, following
which, mathematical solutions were made that it is believed more
accurately represent true conditions than do these first solutions.
Opposed Diametral
Loading
111111111111111
Iiiiiiiiiiiiiii
a
Sand Bearing
(Uniform distribution
of pressure) c
Minnesota Bearing
(Uniform distribution of
pressure)
Three Edge Bearing
Sand Bearing
(Parabolic distribution
of pressure)
Minnesota Bearing
(Parabolic distribution
of pressure)
Fig. ix. Conditions of Pressure Distribution on Circular Pipe Under Load in the A.S.T.M.
Standard Bearings for Drain Tile as Assumed Previous to Measuring
the Distribution by Friction Strips
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Mathematical Solutions of Stresses in Circular Pipe Based on
Assumed Pressure Distributions
The different types of analyses are illustrated in Figure i 1. They
are approximations to the three types of bearing shown in Figures 1,
3, and 4. In order to explain the method
of analysis, assume the conditions of load-
11: a= 81
ing illustrated in Figure 11 (a) ; the case
of opposed diametral loading. If we con- 
sider a vertical and a horizontal axis
through the center of a pipe, we see im- 11)1
mediately that both are axes of symmetry.
We can then deal with a single quadrant, lI
as shown in Figure 12. 
This quadrant will be held in equi-
librium by the forces there shown. There
will be no shear at either A or B because
if those places were cut there would be no Fig. 12. Forces That Hold a Single
tendency for the adjacent surface to move Quadrant of Pipe in Equilibrium
laterally with reference to A or B. This is evident from the symmetry
of the figure. Also, there can be no axial stress at B as there is no
other horizontal force acting. We have then a vertical force — at B,
2
an axial force — at A, and moments MA and MB at A and B. Call the2
radius of the pipe r and measure angles from the vertical. If we con-
sider moment MA removed, owing to the action of force the pipe
2
will bend as shown by the dotted lines and the• tangent at A will now
be rotated from its original position by an angle cc = 8'. If we have a
unit moment acting at A, it will produce a deflection which we will
call 8. We know, however, from symmetry that the tangent at A
remains vertical and so the moment MA must be equal to —8' . This
Sitype of analysis holds good for any loading that produces biaxial
symmetry and therefore produces statical indetermination to the first
degree. If the pipe is not symmetrically loaded with reference to the
horizontal axis, only uniaxial symmetry exists. In that case there will
be two unknowns and we can set up two simultaneous linear equations
whose solution will give us the unknown quantities. The detailed
method of this procedure, as well as the general theory of deflection of
medium thick, moderately curved, beams is outlined on the succeeding
pages. The general scheme of solution for statically indeterminate
structures here used was originated by Dr. Miiller-Breslau [12], altho,
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DEFLECTION OF BEAMS
as before noted, the solution of circular rings had previously been ac-
complished by others, notably Dr. E. Winkler [3] [4] in 1858.
A
(a)
\b•
(b)
Fig. 13. Shbrt Section of a Straight Beam Before and After Flexure
Figure 13(a) represents a short section of a straight beam (of
length ds) before flexure and Figure 13(b) the same section after
flexure. Consider a fiber EF, distant z from the neutral surface. After
flexure, ds = rd0, as the length of the neutral surface is unchanged.
The new length of EF = (r z)d0, and its change in length is therefore
zdO
zdO. Its unit deformation is —ds . If 
f is unit fiber stress in EF; M,
the bending moment, numerically equal to the moment of the other
external forces or couples about the point considered, but of opposite
sign; and I, the moment of inertia about the neutral axis, of the section,
Mz
then, from the common theory of flexure, f= —I
, and if E =. modulus
of elasticity,
E = 
f 
or f = 
EzdO Mz Mds (5)do =
zdO ds = I EI
ds
If we wish to find the deflection of a point P, on the beam, in the
direction PQ, we place a unit load at 13, acting in the direction PQ. This
unit load produces a moment (m) in acting upon the segment of beam
here used. If m is looked upon as a couple of unit arm, the component
forces will be numerically equal to m and the work done by them in
rotating through the angle dO will be md0 =  m. This must beEI
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equal to the work done by the i pound load = i pound X 8, or integrat-
ing over the length of the beam,
CL Mmds (6)
8 =J o El
If the segment is subjected to an axial stress S, its deformation
will be:
Sds
where A is the area of its cross-section. By a line of reason-
ing similar to the preceding one, we can prove that
(7) - - 8 =SL S ds, where s = axial stress at section produced byo AE
the unit load.
In a similar manner we can show that
(8) - - 8 =SI- Vv Nds 
E A 
for the shearing stresses, where V =- shear ato s
section, v =_ shear at section due to unit load, N = a section con-
stant = 1.2 for rectangular sections, and Es = shearing modulus of
elasticity, which is about o.4E for most materials. The above formulas
apply only to medium-thick straight beams and require modification
for excessively thick or unusually thin sections or curved beams.
For curved beams, a term must be added to take into account the
angular deflection produced by axial stress. See Statically Indetermi-
nate Stresses, pages 32 et seq. [13].
CL Smds8 = 
o AEp ,(9)
where p = radius of curvature of beam.5
If the beam is thick in comparison to the radius of curvature, the
neutral surface will not be at the center of the section, but at some
distance, z, from the center, toward the concave side. According to
Boyd [I41 this distance is
d
(io)
R,
where d = thickness of beam and R = intradosal radius. See Strength
of Materials, pages 323 et seq. 1/41. The variation in stress is no
longer linear across the cross-section, even tho the material follows
Hookes Law; because the intradosal fibers are shorter than the others.
Even assuming that sections plane before bending remain plane after
bending, at any section the total deformations will vary as the distance
from the neutral surface, but the unit deformations and consequently
the unit stresses, will not vary linearly. For the cases considered
5 More accurately To" ASsEds where S = S 11 and s = s +3-1-. See Muller-Bres-
lau [121. However, the term as given by Eq. (9) is sufficiently accurate for most cases.
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herein, this displacement of the neutral surface does not appreciably
affect the moment of inertia and consequently it does not affect the
deflection, bending, or moments at any section. It does, however, pro-
duce a small effect on the unit stresses in the extreme fibers, so that the
usual linear law of stress variation can not be accurately used.
Dr. A. Foppl and Dr. L. Foppl Ti] have derived this displacement
of the neutral axis by the more rigorous methods of elasticity and have
shown agreement with Formula (To) just preceding. They have indi-
cated the possibility of a rigorous solution for pipe under external loads
by Airy's stress functions, but for any case, except the very simplest
one of uniform external pressure, the process of solution becomes ex-
tremely involved.
The 30-inch concrete drain tile in which the stresses were measured
(pages 14-19) was made of high quality concrete, and Hookes Law [15]
can be assumed to hold true for such material without appreciable
error. This is evident from an inspection of Figure io. For concrete
of low strength, a considerable deviation from Hookes Law occurs and
corresponding corrections must be made.
To summarize, then, the deflection at any point in any given direc-
tion due to bending, axial stress, and shear is
=ef Mmds Ssds SL VvNds Smds Jo El o EA o Es A 4- o AEp (II)
and if we have a framework of a number of members, we sum up their
separate effects. It is possible, also, to add terms for the effects of
temperature, shrinkage, and yielding supports.
Application to Statically Indeterminate Structures
Let Xa, Xb, Xe - - - X„ be redundant stresses or reactions in a
structure statically indeterminate to the nth degree. Let 8 8-a, -b, - 8c - 8n
be the deflections of the supports, or the relative movement of cut faces
of members, where a member is assumed cut, the subscripts throughout
this discussion always referring to the same support or member. 8, will
be zero for members in general, the exceptions being cases in which
members or supports permit part of the total deflection or deformation to
occur without resistance. Let 8'„, 8'b, 8', - - - 8' be deflections thaten
would occur if redundants were removed. Where redundants are re-
acti•ons the support is removed, and where redundants are stresses the
members are cut. Since the removal of all redundants renders the
structure statically determinate, all 8"s can be calculated for a given
loading. Let 8. be the deflection at "a" due to a unit load at "a", and
similarly for the other points, 8„ is the deflection at "r" due to a unit
load at "r" and 8„ is the deflection at "r" due to a unit load at "s".
In the above discussion "unit load" may mean a unit reaction, a pair
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of unit axial stresses, a pair of unit shearing stresses, two unit couples,
etc. With redundant supports a single force or moment is used and
for redundant members a pair of opposite forces or couples is used.
All quantities like 8rs can be determined, because the redundant forces
are not acting. A little study will then show that
8a = 8fa Xa8aa Xb8ab Xc8ac Xn8an ( I )
8b= 8fb Xa8ba Xb8bb Xe8bc Xn8bn (2) (12)
8n = 8'n Xa8na Xb8.1) Xcane - - - (n)
Maxwell's Theorem of reciprocal deflections, which is proved by con-
sidering the work done at each point, assures us that 8,.=8.- Note
that if angular deflection is desired, we use a unit cou. ple and as the
work done by it in rotating through an angle 8, is i pound x 8,, all the
preceding conclusions remain valid. In (12) we have n independent
simultaneous equations containing n unknowns and capable of solution.
We may adopt any conventions of signs we choose, provided they are
consistent throughout; if any X is negative, we interpret that as mean-
ing that it acts in an opposite sense to the direction of the corresponding
unit force. We can now proceed with analyses of each of the bearings
under various assumptions as to distribution of loading. For con-
venience of presentation note that all figures are rotated 900
 from the
normal position.
MATHEMATICAL ANALYSES
Analysis of Sand Bearing, Uniform Distribution of Load
'w- /b.. per in.
verfical projection
Fig. 14. Uniform Distribution of Load Fig. Is. Convention of Signs
Consider pipe fixed at C and free at A; then X is the only redundant.
Owing to symmetry there will be no shear at A and C and no axial
stress at C. The forces acting on one quadrant are shown above.
Angles 0 are measured from the +X axis.
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M'= —
Pr (1 — sin 0) from A to B and2
Pr 
- sin 0) — wr2 
2 — s
in 0)2
 
from B to C.2 2 
EI8'a =
7/2 Pr2(I — sin 0) d0 — "r/4 w r3
o 2 Jo 2
— 
— —V2 sin 0 sin2 0) d02
Pr2 f7r IT
= - that w =
2\2 4V2 4V2 r-V 2
and considering only deflection produced by bending moments.
/
EI8aa = 5
77-/, 
rd0 — 7rr
2
, noting3 
I
Xa = rr 
I_ 3 \
2 4V2 LPTV)= .I545 Pr
Mc = — 
3 
—= — .1687 Pr
47V2
Analysis of Two-Edge Bearing
Again consider pipe fixed at B
and free at A.
. Taking a quadrant of the pipe, 2-
owing to symmetry there will be
no shear at A or B and no axial
stress at B.
M' = — (r — y) or, in polar2
co-ordinates,
Pr
+ —2 (I — sin 0)
= I
A
(I 3 )
('4)
13  P
-X
MB
Fig. 16. Two-Edge Bearing
C7/2
+
Pr2 Pr2
EIS'a =
, 
— sin 0 de =
0  3 2
Pr2 f IT
— I2 2
/P)
&a-57/2 dS = / -rd0 =0 0 2
0 + cos 0) 0
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Pr2 2r.. )
Xa = 
2 2 
 r( 
2 
016617 _rrirr 7r 
2
MB =- ± Pr
(.± ) Pr ._ 1 _ I Pr = 
_ 
_ = 
—.3183 P :2 2 7r
Analysis of Three-Edge Bearing
If the pipe is not symmetrically loaded with reference to the hori-
zontal axis, only uniaxial symmetry exists.
The pipe is divided along its axis of symmetry as shown in the
figure, and the moment and axial stress at A are considered redundant.
After flexure, owing to symmetry, the tangent at A must be parallel to
the tangent at C, and Sa will be zero.
A
xb
a
sin - ar — c py M
Fig. 17. Three-Edge Bearing
Also A will not deflect parallel to the Y axis, and Sb will be zero
Polar co-ordinates will be used, and the transformation equations are
x = r cos 0, y= r sin 0, ds = r d0 (0 is measured from + X axis here).
A P 
M' -= —r sin 0
2
IT Pr
EIS'a =5 — sin 0 rd0 +5 cc — rd0
oc 2 0 2
= -
EIS% =
Pr2
 
Par 
— cos 0 )-7--r 
pr2
2 a 2 2
Pr a
— —sin 0 r (I + cos 0) rd 0 + cc — P — r2 0 2
(1 + cos 0) rd
Par
2
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U2 
, sin2 0) 7 Par2 (0 + sin 0) cc= —(— COS 2 cc
Pr3
2 0
Pr3 ( sin2 cc Par22 2 ( ± sin cc )2 • 
Pr2 P
ELL = = — —( I + cos cc ) — ar — cc -1-- 7rrXa 7rr2Xb2 2
Pr3
E
n2 cc Par2 
+ sin cc )IS], = 0 = — —2 (I 2, cosCOS cc
7rr2Xa —3 7rr3Xb2
Pr2
0 = — sin2 cc — —Par sin cc —7rr2Xb
4 2
P , a , Pa2
Xb = — —(sin2  cc — 2-sin cc ) =27r 7rr2
Xa r= (r2 r-Vr2 — a2 ar cc — a2)27r
• Pr / a2 , a a2 )
= — (1 + -\/ 1 — ---r-- — — a — —27r r2 r r2
Pr r ti _ a2\3/2) 
+ 
r 
a sin —1. a
27r L k r2 r ('7)
This equation (17) is not susceptible of very much simplification
even when the usual value of Y2 inch is substituted for "a". For
large tile the difference in moments between two-edge and three-edge
bearings is negligible, and for small tile (12 inches in diameter or less)
the effect of the double lower bearing must be separately evaluated for
each size of tile. As an indication of the magnitude of this difference,
for 6-inch tile, o.6 inch wall thickness, the maximum moment in the
three-edge bearing is 28 per cent less than the corresponding moment
for two-edge bearings.
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Analysis of Minnesota Bearing, Uniform Distribution of Pressure
w=lb.5. per in. verlical)
projection
45.
P A
xa 
mc
X b
Nc
Fig. 18. Minnesota Bearing—Uniform Distribution of Pressure
Taking half the pipe, owing to symmetry there will be no shear at
A or B.
w =
r V 2
Pr.
M' = — —sin 0
A
M' = — i— sn — —Pr 
2 
W r -\/-2
sin 0
c
7r Pr 7r/4 Wr2
EIS'a = — — sin 0 rd 0 — — — — V2 sin 0 + s1n2 0) rd 0
• 2 0 2 2
7r wr3 ( 0 — 0 . 7/4
= — —
Pr2 (— cos 0) — cos 0 +--- sin 2 0
2 0 2 2 2 4 o
7r I 
2
 --
= — 
Pr2 (2) — wr3(— + I +-:-\') 8 8 42
= — Pr2
= — Pr2 (I
Pr2  (7r , 7 I
2V-2- T-1- —4
7—± 3— -1)
8V2 8V2 2
I 7r 3_
= Pr2 (2 + 8 • 8 )v2
EI8% 7r — P—r sin 0 (1 + cos 0) r2 d 0 —
S 7/4 Wr2( 
—
2 0 2\20
V2 sin 0 ± sin2 0) (1 ± cos 0) r2d0
=f —Pr3 (sin 0 ± sin 0 cos 0) dO
20
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7/4  wr4( cos 0
0 2 —2- V2 sin 0+ sin2 0+ 2
--V2 sin 0 cos 0 + sin 20 cos 0 dO
sin2 T wr4 [ 0 0
2 2 0 2 2 2
--
I 
sin 2 0 ± sin 0 — sin2 0+
 
sin3 0 1 7r/4
V2
4 2 3 j 0
Pr3
( ± I ) 
wr4  ( 7r
— + 1 — —I — \/2-+
2 2 4 4
4 4
V2--
/ 12
wr4 1 7r + 3 II v—)
— Pr -  
2 4 4 I2
= — Pr3  + 
24 8V2 8V2
EIS. = = — P
2 ( 2 8V2 8 "T-2)
rrX. 77-r2X,)
EThb =:- 0 = — Pr3 3 —--) 11-r2Xa
24 81/2 8-V2
0= — Pr2(-
24
)+-7Tr2Xb
2
P e
X 
, 
= = .0265
127r
Pr
iffrX. = Pr2C--+ -+ \2 8V2 8V2J 12
7: 4- 3—)
8V2 8-V2
7 12 8,V2 i6V2
(i8)
Mc = .1815 Pr
MD = .1682 Pr i8a)
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Analysis of Sand Bearing,
Parabolic Distribution
of Pressure
Taking a quadrant, as before,
owing to symmetry there will be
no *shear at A or B and no axial
at B.
The equation of a parabola
referred to its vertex as origin is
y2 = cx when oriented as shown
in Fig. 19. Instead of x, let us
write p, intensity of pressure, and
note that when y = —
r 
p = o
2
or x = 435 — p = 95, where (I) .is the maximum intensity of pressure.
r2
2 ,
20 = _ p or p = —
r2 is the equation of pressure d
is-
r-
tribution. This may also be written, since 31= sin 0,
33
p = (1 —2 sine 0)
Fig. . Sand Bearing-Parabolic Distribution
• of Pressure
P 2
The area of the pressure diagram =— — —.
2 3
2
4) • T. V 2 or
— V; r" • Thus p = 3V2 P (1 —2 sine 0)
4 r 4 r
M' (1 — sin 0) from 7-r- to 71.and (dy = r cos 0 dO)
2 4 2
Pr
M' =—( i — sin 0) —f 7/4 p (sin 0
1 
sin 0) r2 cos 01 del
2 0 
=-
Pr(1 — sin 0) — 7/4  3V1Pr (1 —2 sin2 01)
2 0 4
(sin 01 — sin 0) cos 01 dOi.
= —
Pr
 
(1 — sin 0) — 1V-2 Pr r 7714 (sin 01 cos 0, —sin 0 cos 01
2 4 . 0
-2 S1113 01 cos 01 + 2 Sin2 01 cos 01 sin 0) dOi
Pr \
= ---- (I — sin 0) —  3V2 Pr ( I — 
sine 0 sin4 0
)..Y.:2. sin 0 +2 4 8 3 2 6 
from o to —IT
4
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C 7r/2 Pr2
EI8'a 
0
= (I — sin 0) dO —S7/4 3V-2-Pr2( 
80 2 
 4
sin 0 + 
sin2 0 sin4 0 )
d0
2 6
— Pr2 ( 7 1 ) 3\5 Pr2 (15-- V-2- 4-2-)
____
2 2 4 64 3 4
Pr2( 3 157rA/2 3A/2 )
2\2 128 8
_
7r/2
EI8aa =5 . + rd 0 = --F
--7rr
0 2
.•. Xa = ---, = — rr
Oaa
8'a T, ( I I 5 \/-2- 3 \/-2-
2 128 Or )
n  = — .i655 Pr (9)
m. = _ [xa +P: (  3A/2) Pr ] = pr(  3-\/2 ± 3-\5)
16 2 I 28 87r
—
3
= — .2020 Pr
Analysis of Minnesota Bearing, Parabolic Distribution of Pressure
mc
Nb
Fig. 20. Minnesota Bearing—Parabolic Distribution of Pressure
From the analysis for sand bearing, p = —P (1 —2 sin2 0)
4 r
M' = !-sin 0 from 7r to— and
2 4
Pr
— sin 0 
sin2 0 sin4 0
= — sin 0 ± 
2 
Pr (-g-I
4 3 2 6
from —7 to o
4
, 2
EIS'a = S
ANALYSES OF DRAIN TILE TESTING
7r
o 
M'mads ma = i mb = cos 0) r ds = rd 0
= -
Pr2
sin 0 dO C7r/4 3 V 2
0 2
• ° 4
sin2 0 sin4 0 ) d0
2 6
Pr2(
8*
15r-v7.11
128 /
2 ( -\/-1sin8 3
EH% = 7131±-
3
sin 0 (I ± cos 0) dO +57r/4 3V2 P .3
0 2 
-o 4
. sin2 0 sin4 0
 
sm0 ±  
 6
) (1 cos 0 de
3 2 
Pr-( 2I 3V2 ± 1577-V2 )
2 20 8 128
ERA)
 =5: 1112„ dS =570 (1 ± cos 0)2 r3 dO = i7rr3
EI8ab = EI8ba = r2 (1 ± cos 0) de = rr2
EI8aa =er rds =7rr
Pr2( , 3-V2 sr-V-2-) , 
-t- rA.EI8'a = o = 
8 
, 
' 128 r-b 
, 
irrAa
2 
EI.8%.= 0= 
_ Pr3( 21 + 3 V 2 L 
+ 
I 57rV 2 )
7rr3Xb ± 7r1-2Xa
20
_
8 -1- 128 2
:1
2 
_
Solving these two simultaneous equations,
_
Xa = + Pr ( + '
3 
, ±
9 
-V2 I5V-2-)
207r low- 256
=--r 
, P
207r
MB = —.2096 Pr
MD = .1737 Pr
= .3105 Pr
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Stresses Due to Own Weight, Two-Edge Bearing
wds=wra I 0
A
Xa MkNb
Fig. 2 1 . Stresses Due to Own Weight—Two-Edge Bearing
= weight of tile
w = weight per unit of circumference
W =
27rr
 
B W
2
= 570— wr2 (sin 0 — sin 0') dO
= fir  -W r (sin 0' — sin 0) dOa 27r
Wr
= — (1 ± 0 sin 0 + cos 0 — sin 0)
2r
ma = I mb = r (1 + cos 0)
A,Vr2
EI.S'a =5 (— 7 sin 0 ± I + 0 sin 0 + cos 0) dO = o
0 27
EIS'b = 
Wr3 
7 (7r sin 0 i 0 sin 0 cos 0) (I + cos 0) dO = W
r3
27r 8
EI8aa = irr, EI8ab = rr2
EI8bb =-3-7r3
EI8a = o = o 7rXa — 71-r2Xb
EI8b = o = 
Wr2 
rr2Xa + —3 rfr3Xb
8 2
Solving these two simultaneous equations,-
,
X a = -t- — = .0795 Wr
47r
Xb = — = .0795 W
(25)
(26)
ANALYSES OF DRAIN TILE TESTING
MB = 3Wr = .2385 Wr
47r
This is 3/4 of the moment produced by opposed diametral loads P.
Stresses Due to Own Weight, Sand and Minnesota Bearings
37
P A
7 Xa
Xb Nb
Fig. 22. Stresses Due to Own Weight, Sand and Minnesota Bearings
W = weight of tile
w = weight per unit of circumference
w' = unit pressure on lower bearing
w = —
27r
• W' = 3V2 W (I — 2 sin20) (assuming parabolic distribution)
4 r
(see p. 34.)
.M' = 7r0 wr (sin 0— sin 0') rd0' 7r --I- 
5
7r/4 w,r
o 0
(sin 0' — sin 0) rd0' 7r/41.
(sin 0— sin 0') d0' 1 7r + 3  Wr 17r/4
0 4 - 0
— (1 -- 2 sin2 0') (sin 0' — sin 0) d. 0' I 7/4
=
7r
27r 
27r
— 7r sin 0 -I-- i + 0 sin 0+ cos 0) 1 3V2 Wr
o 4
_
V 2 I I 
)170/4
± -sin 0 +—cos3 0
3 2 • 3
ma = I mb = — r (I + cos 0)
(27)
38 TECHNICAL BULLETIN 52
EI8'a = 7r M'mads 
= 
sin 0 - I - 0 sin 0- cos 0) de
o
S /43\5Wr2(\5-1-sin 0 --I-c0s3 0)do0 4 3 Q 3
-= Wr2 (i+.k-iv-2-)= .0291 Wr2
EIS% = 7r M'inbds = 
Wr3 (7r sin 0 - - 0 sin 0- cos 0)
0 27r
(1 + cos 0) d0 + 57/4 3V2 wr3 (
° 4 3
- - sin 0 - -cos3 0)(i + cos 0) d02 3
z___ Wr3 (5_
 ± I 9V2 377-V-2-)
8 24 32 128 - '
0675 Wr3
EI8„a = 7rr, EI6U = EI81)a = irr2, EI8bb = r3,
o = - .0291 Wr2 irrXa 7rr2Xb
o = - .0675 Wr3 - 77T2Xa --3-277-r3Xb
Solving these two simultaneous equations,
Xa = .0707 Wr
Xb = .0614 W
MC = .I197 Wr
(28)
( 2 9 )
(30)
Deformation of Vertical Diameter
Two-Edge Bearing
MA= - Pr( 
I 
- 
I
2 71"
Pr
MB = --77.
m -r 
( sin 0 \
2 Tr )
MA
A
 
 
B 
M
Fig. 23. Deformation of Vertical
Diameter-Two-Edge Bearing
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P . 4
n = 
sin 0 
; n 
m 
= 
(  sin 0 sin  + )
—31111/, =-9 2 r2 2 7r
cos 0
V = — cos 0, v =
2 2
—
1 3./2 Pr (sin 0 r 'sine
=
4 0 1 2 7r k 2 rd0
C7r/2 Pr sin2 0a
o A 
 + 
57/2  3Pr
27
0 A
= 
r3 (7r 2) Pr(37r 2)
I —4 —77 m A 4 -1-7;
* Note :
f  1.2 Vvds I .2 V 1c.vs 3 Vvds
EA J AEA J EA
Assuming Es = .4E or sa (Poisson's number)
Deformation of Vertical Diameter
Sand Bearing
(See Figure 19.)
cos2 0
d0*
4
4
39
( 3 )
Xa = Pr (.__ I5V2 3V2)I
2 128 8 -
 /
M = Pr ( I5V2 3V2 I sin 0 )from A to C, and\ 128 87r 2
.... _
2 2
M = Pr ( 15V128
3V 
87, 
I 
2 sin 0) 3\5Pr (-8-I — -1- sin 0 ±
4
sin2 0 sin4 0 )
from C to B
-, 6
N = —sin 0 from A to C, and
2
P V3 -2-N =— sin 0 P ( V`Tsin 0— sin2 '0 ± --2—sin4 0)from C to B2 4 3 3 s
P
V = —cos 0 from A to C and
9
2
-=—COS n 3V-2- P (—V2— cos 0 —sin 0 +— sin3 0 cos 02 4 3 3
from ,C to B
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m, n, and v are the same as for Two-edge Bearing
E8 C7r/2 M m ds c 7r/2 N(n m/r)ds ▪ 7r/2 3 V v ds
4 v`do I 7- jo A o A
Substituting the quantities above for M, N and V and integrating be-
tween the proper limits, we get,
( 7r ± 3o7 V2 3 V 2Pr
8 m 960
. 37r 23 )
8 20
2 Pr (Io3-\/2 3-\/2
A 8o ± ±
• Deformation Of Vertical Diameter
Minnesota Bearing
(See Figure 20.)
Xa = Pr ( 9 3\5 1-▪ 5V-2
20r 1077 2 5 6
Xb =
207r
( 32 )
M = Pr 
( cos 0
207r 
sin 0 + 4 3\/2 + 1 5 V 2 )
2 2r I v7r 
from o to! n- 'A to (.:)
256 4
M =--_- Pr 
(  cos 0
2 27r yr 256 J 4
V 2 
sin 0 +sin2 0 
sin4
 
 from C to B
3 2 6
P .
N =— sin 0 — • cos 0 from A to C and
2 20r
= —sin for — • cos 0 3V2 P V2-7sin 0 — sin2 0 +
2 207r 4 3
-sin4 0 )from C to B2
3
V =— cos 0 -F— sin 0 from A to C and
2 20r
, 
— 
P () '3-\/2 (V2=— cos 0 -t-sin r — cos 0 — sin 0 cos 0Q 207r 4 3
2
—sin 3 0 cos 0 from C to B
3
m, n and v are the same as before, for Sand and Two-edge Bearing
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f r  M m ds +5 jr.3 
72-  N (n + m/r)ds
+ 
7r V V ds 
0 I o A o A
Substituting the above quantities in the last equation and integrating
between the proper limits, we get,
Pr3 ( 37rI 307V2 3\/2
 23 ) Pr( 97r 23
E8v 7r 1920 87r 120 A 16 40 -1-
IO3V2 I 3V2-)
(33)160 + 7r 87
PRESSURE DISTRIBUTION ON CIRCULAR PIPE UNDER
LOAD IN SAND BEARINGS AS MEASURED
BY FRICTION STRIPS
The method here used to determine the distribution of pressure in
the sand bearings is described in detail in the 1926 Proceedings of the
American Society for Testing Materials [17] and is based on a well
known law of physics that for specific materials the initial force
required to overcome static friction is proportional to the load. This
law of physics was applied, in this work, by measuring, in pounds, the
starting pull required to move steel strips laid between pieces of 10-
ounce canvas placed between the sand of the bearings and the outer
circumference of a circular pipe of 26 inches outside diameter. (See
Fig. 24.)
Fig. 24. Steel Strips in Place as Used in Determining the Pressure Distribution in the
Lower Bearing of the A.S.T.M. Standard Sand Bearing
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In the studies made with this pipe, 15 steel strips 5,116 inch in
width and 1/64 inch thick were used. It was found in all cases that in
order to obtain consistent results it was necessary that the area between
the strips be covered as nearly as possible by auxiliary strips of the
same thickness as those pulled, else when the sand became compacted
beyond a certain degree the .strips took a proportion of the load in
excess of that calculated for their combined areas.
The pull, in pounds, on each strip was measured by means of a
spring balance working through a lever arm with a I :5 ratio. By
using the lever arm rather than pulling direct, it was possible to control
the tendency of a strip to jump an inch or two when started, while a
single strip could in this way be started and the scale consistently read
as many as thirty times without more than a slight displacement of
the strip.
The 15 strips were equally
spaced, as indicated in Figure
25. with reference to the 17-
inch chord, 106 inch center
to center. The two end strips,
however,. were 106 inch
from the extremities of this
chord so that the actual area,
on the cord, represented by
each end strip is 50 per cent
in excess of the other strips.
The load on this excess area,
coming as it does at the edge
of the sand, was too small to
measure and in the calcula-
tions has been neglected.
In Tables VIII and IX, in
the third line of each loading Fig. 25. Position of 5/16-Inch Steel Strips for
under the various beddin Measuring the Distribution of Pressure atg.- the Top and Bottom Sand Bearings
conditions, are recorded, as The strips are equally spaced with reference to the
17-inch chord.
calculated from the pull on
the strips, the actual load reduced to loads on sections, corresponding
to respective strips, per linear inch of tile. These are the data upon
which the graphs of Figures 26 and 27 are based, the loads being re-
duced, in the figures, to pressure in pounds per square inch. Note that
this pressure is with reference to the horizontal projection of the quad-
rant of the pipe in contact with the sand as represented by the 17-inch
cord of Figure 25.
TABU VIII
DISTRIBUTION OF PRESSURE IN THE LOWER SAND BEARING OF A 22-IN Ch TILE UNDER LOADS OF 1680, 2500, AND 3500 POUNDS PER LINEAR FOOT
Under each loading the first line is the average pull of two independent sets of readings, the second line is the average of corresponding readings on the
two sides of the center strip, while the data in the third line are those of line 2 reduced to loads on sections, corresponding to
Load on
tile, per
linear ft. 3/2
lb.
1680 1.25
0.69
0.40
2500 2.75
1.50
0.88
3500 4.75
2.62
1.56
1680 0.62
2.19
1.20
2500 2.25
3.94
2.18
3500 5.25
7.63
4.15
respective strips, per linear inch of tile. Each section, therefore, measures
ROOM-DRY SAND (0.35 PER CENT MOISTURE)
i by I i/16 inches
Strips as Numbered
IY2 2 23/2 3 33/2 4 43/2 5 53/2 6 63/2 7 734 Totals
Bedding No. 1(a) Loose Sand
6.75 8.75 10.62 15.62 27.50 28.75 40.63 26.25 28.37 18.75 11.88 10.00 4.75 0.13 240.00
5.75 9.37 11.25 17.18 27:94 27.50 40.63 27.50 27.94 17.18 11.25 9.37 5.75 0.69 239.99
3.36 5.45 6.57 10.02 16.30 16.05 23.70 16.05 16.30 10.02 6.57 5.45 3.36 0.40 140.00
8.74 13.75 18.13 26.25 40.00 40.00 55.00 38.13 40.00 28.75 20.00 £6.25 6.88 0.25 354.88
7.82 15.00 19.07 27.50 40.00 39.06 55.00 39.06 40.00 27.50 19.07 15.00 7.82 1.50 354.90
4.59 8.81 11.19 16.15 '23.48 22.93 32.29 22.93 23.48 16.15 11.19 8.81/ 4.59
0.88 208.35
15.63 20.00 26.25 37.50 53.13 53.13 73.75 49.37 53.13 39.37 28.75 22.13 11.25 0.50 488.64
13.44 21.06 27.50 38.44 53.13 51.25 73.75 51.25 53.13 38.44 27.50 21.06 13.44 2.62 488.63
8.02 12.57 16.41 2.2.94. 31.71 30.59 44.02 30.59 31.71 22.94 16.41 12.57 8.02 1.56 291.62
Bedding No. 2(a) Slightly Compacted Sand
5.25 moo 8.75 12.50 20.63 45.62 49.37 32.50 23.13 12.13 14.37 10.00 6.88 3.75 255.50
6.07 moo 11.56 12,32 21.88 39.06 49.37 39.06 21.88 12.32 11.56 10.00 6.07 2.19 255.53
3.33 5.48 6.33 6.75 11.99 21.40 27.06 21.40 11.99 6.75 6.33 5.48 3.33 1.20 140.02
10.00 18.75 17.50 22.13 30.00 61.88 65.00 41.88 32.50 20.00 21.25 15.63 11.62 5.63 376.02
10.81 17.19 19.37 21.07 31.25 51.88 65.00 51.88 31.25 21.07 19.37 17.19 10.81 3.94 376.0'
5.99 9.52. 10.73 11.67 17.31 28.74 36.01 28.74 17.31 11.67 10.73 9.52 5.99 2.18 208.29
18.75 30.62 25.13 35.63 43.75 81.25 85.00 56.25 46.25 28.75 30.63 22.13 16.88 moo 536.27
17.82 26.37 27.88 32.19 45.00 68.75 85.00 68.75 45.00 32.19 2.7.88 26.37 17.82 7.63 536.28
'9.69 14.34 15.16 17.51 24.47 37.39 46.23 37.39 24.47 17.51 15.16 14.34 9.69 4.15 291.65
TABLE VIII-Continued
Load on
tile, per
linear ft.
Strips as Numbered
2 2 2 3 31/2 4 4Y2 5 5Y2 6 6% 7 7% Totals
lb.
Bedding No. 3(a) Thoroly Compacted Sand
168o 0.75 4.75 9.37 10.00 10.62 25.00 48.13 63.75 47.50 22.50 8.75 6.00 3.87 1.88 0.63 263.50
0.69 3.32 6.62 8.00 9.68 23.75 47.82 63.75 47.82 23.75 9.68 8.00 6.62 3.32 0.69 263.51
0.37 1.76 3.52. 4.25 5.14 12.62 25.41 33.87 25.41 12.62 5.14 4.25 3.52 1.76 0.37 140.01
2500 2.12 7.62 15.62 17.50 17.50 38.13 68.12 81.88 66.25 35.00 16.25 7.50 6.00 3.50 1.63 384.62
1.88 5.56 10.81 12.50 16.88 36.57 67.18 81.88 67.18 36.57 16.88 12.50 10.81 5.56 1.88 384.64
1.02 3.01 5.86 6.77 9.14 19.81 36.39 44.35 36.39 19.81 9.14 6.77 5.86 3.01 1.02 208.35
3.500 4.00 11.25 24.13 27.50 28.75 52.50 . 85.62. 101.25 86.25 48.75 26.25 10.62 8.75 6.75 3.00 525.37
3.50 9.00 16.44 19.06 27.50 50.63 85.94 101.25 85.94 50.63 27.50 19.06 16.44 9.00 3.50 525.39
1.94 5.00 9.13 io.58 15.27 28.11 47.71 56.21 47.71 28.11 15.27 10.58 9.13 5.00 1.94 291.69
SAND CONTAINING 2.5 PER CENT MOISTURE
Bedding No. 1(b) Loose Sand
1680 8.00 10.62 14.37 17.50 21.25 18.75 24.37 24.37 24.12 '23.13 20.63 15.62 8.75 7.62 5.50 244.60
6.75 9.12 11.56 16.56 20.94 20.94 24.25 24.37 24.25 20.94 20.94 16.56 11.56 9.12 6.75 244.61
3.86 5.22 6.62 9.48 11.98 11.98 13.88 13.95 13.88 11.98 11.98 9.48 6.62 5.22 3.86 139.99
2500 11.25 18.75 22.50 25.00 31.88 28.13 36.88 36.88 35.62 36.25 31.88 24.37 13.37 11.25 8.25 372.26
9.75 15.00 17.94 24.68 31.88 32.19 36.25 36.88 36.25 32.19 31.88 24.68 17.94 15.00 9.75 372.26
5.46 8.39 10.04 13.81 17.84 18.01 20.29 20.64 20.29 18.01 17.84 13.81 10.04 8.39 5.46 208.32
3500 16.25 25.63 32.50 35.00 45.62. 39.37 52.50 51.88 51.25 50.63 46.25 35.63 21.25 18.13 11.88 533.77
14.06 21.88 26.88 35.32 45.94 45.00 51.88 51.88 51.88 45.00 45.94 35.32 26.88 21.88 14.06 533.80
7.68 11.95 14.69 19.30 25.10 24.59 28.35 28.35 28.35 24.59 25.10 19.30 14.69 1 1.95 7.68 291.67
TABLE VIII-Continued
Load on
tile, per
linear ft. 1/2
Strips as Numbered
i3, 2 3 314 4 4% 5 51/2 6 6i/2 7 7'4 Totals
Bedding No. 2(b) Slightly Compacted Sand
1680 0.62 1.25 3.50 13.13 22.50 . 24.37 41.25 46.25 33.75 21.88 19.37 16.25 . 4.50 1.5o o.88 251.00
0.75 1.38 4.00 14.69 20.94 - 23.12 37.50 46.25 37.50 23.12 20.94 14.69 4.00 1.38 0.75 
251.01
0.42 0.77 2.23 8.19 11.68 12.90 20.92 25.80 20.92 12.90 11.68 8.79 2.23 0.77 0.42 140.02
lb.
2.500 o.88 3.63 6.75 22.50 36.25 38.75 55.62 60.63 46.88 34.37 28.75 24.37 7.38 3.00 2.25 372.01
1.57 3.31 7.06 23.44 32.50 36.56 51.25 60.63 51.52 36.56 32.50 23.44 7.06 3.31 1.57 
372.01
o.88 1.85 3.95 13.13 18.20 20.47 28.70 33.95 28.70 20.47 18.20 13.13 3.95 1.85 o.88 208.3
1
.4,. 3500 1.75 7.75 11.88 37.50 51.88 53.13 66.88 70.00 60.63 48.75 43.75 38.75 13.75 6.37 4.50 5
17.27
ut
3.13 7.06 12.81 38.13 47.82 50.94 63.75 70.00 63.75 50.94 47.82 38.13 12.81 7.06 3.13 
517.28
1.76 3.98 7.22 21.50 26.96 28.72 35.94 39.47 35.94 28.72 26.96 21.50 7.22 3.98 1.76 2
91.63
Bedding No. 3(b) Thoroly Compacted Sand
x68o 0.13 0.12 1.50 9.50 15.00 20.00 55.63 58.13 50.00 34.37 6.75 5.50 3.75 0.63 0.25 261.26
0.19 0.37 2.62 7.50 10.88 27.19 52.82 58.13 52.82 27.19 1o.88 7.50 • 2.62 0.37 0.19 261.27
0.10 0.20 1.40 4.02 5.83 x4.57 28.30 31.15 28.30 14.57 5.83 4.02 1.40 0.20 0.10 139.99
2500 ' 1.13 1.13 3.88 18.13 26.25 34.37 74.37 68.75 62.50 51.88 12.50 10.50 7.75 1.5o o.88 375.52
1.00 1.31 5.82 14.31 19.37 43.13 68.44 68.75 68.44 43.13 19.37 14.31 5.82 1.31 1.00 375.51
0.55 0.73 3.23 7.94 10.75 23.93 37.97 38.14 37.97 23.93 10.75 7.94 3.23 0.73 0.55 208.34
3500 2.75 3.63 9.00 35.00 45.00 54.37 93.75 80.00 78.12 78.75 25.00 20.63 13.75 4.13 2.50 546.38
2.62. 3.88 11.37 27.81 35.00 66.56 85.93 80.00 85.93 66.56 35.00 27.81 11.37 3.88 2.62 546.34
1.40 2.07 . 6.07 14.85 18.68 35.53 45.87 42.71 45.87 35.53 18.68 14.85 6.07 2.07 1.40 291.65
TABLE VIII
-Continued
Load on
tile, per
linear ft.
Strips as Numbered
1lA 2 23/2 3 3'/2 4 43/a 5 53/a 6 6./2 7 75/a Totals
SAND CONTAINING 5.0 PER CENT MOISTURE
Bedding No. 1(c) Loose Sand
168o 6.00 9.75 11•62 15.00 23.75 25.62 26.25 24.38 26.25 20.00 24.37 58.75 11.25 9.75 7.75 260.49
6.88 9.75 11.44 16.88 24.06 22.81 26.25 24.38 26.25 22.81 24.06 16.88 11.44 9.75 6.88 260.52
3.70 5.24 6.15 9.07 12.93 12.26 14.11 13.10 14.11 12.26 12
.93 9.07 6.15 5•24 3.70 140.02
2500 9.75 14.37 18.13 25.00 37.50 38.13 38.75 35.00 38.13 28.13 33.75 26.88 18.13 13.13 moo 384.78
9.87 13.75 18.13 25.94 35.63 33.13 38.44 35.00 38.44 33.13 35.63 25.94 58.13 13.75 9.87 384.78
5.34 7.44 9.82 14.04 19.29 17.94 20.81 18.95 20.81 57.94 19.29 14.04 9.82 7.44 .5.34 208.35
.4,• 3500 11.25 20.00 26.25 35.63 55.00 53.13 55.00 47.50 51.25 40.00 50.00 36.88 25.63 17.50 13.13 538.150\ 12.19 18.75 25.94 36.25 52.50 46.57 53.13 47.50 53.13 46.57 52.50 36.25 25.94 18.75 12.19 538.16
6.61 10.16 14.06 19.65 28.45 25.24 28.79 25.74 28.79 25.24 28.45 19.65 14.06 io.16 6.61 295.66
lb.
Bedding No. 2(c) Slightly Compacted Sand
168o 0.63 1.00 3.25 10.00 16.25 30.00 32.50 35.63 34.37 25.00 23.13 23.12 10.63 2.37 0.62 248.50
0.63 1.69 6.94 16.56 19.69 2750 33.44 35.63 33.44 27.50 19.69 16.56 6.94 1.69 0.63 248.53
0.35 0.95 3.91 9.33 11.09 15.49 58.84 20.07 58.84 15.49 11.09 9.33 3.91 0.95 0.35 139.99
2500 1.50 3.25 7.00 16.25 27.50 45.63 45.00 45.63 46.83 44.37 35.00 33.13 15.00 4.00 1.00 371.14
1.25 3.63 11.00 24.69 31.25 45.00 45.94 45.63 45.94 45.00 31.25 24.69 11.00 3.63 1.25 371.15
0.70 2.04 6.17 13.86 57.54 25.26 25.79 25.61 2.5.79 25.26 17.54 13.86 6.17 2.04 0.70 208.33
3500 3.50 7.13 12.50 30.63 45.63 64.37 60.63 6o.00 61.88 59.37 46.88 46.25 23.75 7.00 2.37 531.89
2.94 7.06 18.13 38.44 46.25 61.87 61.25 6o.00 61.25 61.87 46.25 38-44 18.13 7.06 2.94 535.88
1.61 3.87 9.94 25.08 25.36 33. 93 33.59 32.90 33.59 33.93 25.36 21.08 9.94 3.87 1.61 291 66
TABLE VIII-Continued
Load on Strips as Numbered
tile, per
linear ft. % 2 2% 3 3% 4 4% 5 5% 6% • 7 7/2 Totals
Bedding No. 3(c) Thoroly Compacted Sand
168o 0.62 2.00 5.25 10.63 15.63 34.37 38.37 42.50 35.00 30.00 20.63 11.37 5.75 1.37 1.13 254.62
o.88 1.69 5.50 11.00 18.13 32.18 36.68 42.50 36.68 32.18 18.13 11.00 5.5o 1.69 o.88 254.62
0.48 0.93 3.02 6.05 9.97 17.69 20.17 23.37 20.17 17.69 9.97 6.o5 3.02 0.93 0.48 139.99
2500 1.75 4.50 8.87 17.50 26.88 51.88 55.00 6o.00 51.25 42.50 32.50 18.75 9.00 2.50 1.62 384.50
1.68 3.50 8.93 18.13 29.69 47.19 53.13 6o.00 53.13 47.19 29.69 18.13 8.93 3.50 1.68 384.50
0.91 1.90 4.84 9.82 16.09 25.57 28.79 32.51 28.79 25.57 16.09 9.82 4.84 1.90 0.91 208.35
3500 3.25 8.25 15.63 34.37 40.62 70.63 .73.12 76.88 68.12 56.88 45.00 29.37 13.75 4.2.5 2.00 542.12
2.63 6.25 14.69 31.87 42.81 63.75 70.62 76.88 70.62 63.75 42.81 31.87 14.69 6.25 2.63 542.12
1.41. 3.36 7.90 17.15 23.03 34.30 37.99 41.36 37.99 34.30 23.03 17.15 7.90 3.36 .1.41 291.64
SAND CONTAINING 10.0 PER CENT MOISTURE
Bedding No. (d) Loose Sand
1680 5.37 7.00 10.62 15.00 21.25 26.88 21.88 26.88 22.88 23.12 23.75 18.75 13.75 9.25 6.5o 252.88
5.94 8.12 12.19 16.88 22.50 25.00 22.38 26.88 22.38 25.00 22.50 16.88 12.19 8.12 5.94 252.90
3.29 4.50 6.75 9.34 12.46 13.84 12.39 14.88 12.39 13.84 12.46 9.34 6.75 4.50 3.29 140.02
lb.
2500 8.00 10.00 17.50 22.13 31.25 40.00 31.88 40.62 32.50 33.75 36.25 28.75 21.25 13.75 moo 377.63
9.00 11.88 • 19.37 25.44 33.75 36.88 32.19 40.62 32.19 36.88 33.75 25.44 19.37 11.88 9.00 377.64
4.97 6.55 10.69 14.03 18.62 20.35 17.76 22.41 17.76 20.35 18.62 14.03 10.69 6.55 4.97 208.35
3500 moo 16.25 26.25 • 35.00 45.00 55.63 44.37 56.25 44.37 48.13 50.62 40.00 30.00 18.75 13.75 534.37
11.88 17.50 28.12 37.50 47.81 51.88 44.37 56.25 44.37 51.88 47.81 37.50 28.12 17.50 ,i.88 534.37
6.48 9.55 .15.35 20.47 26.10 28.30 24.22 30.70 24.22 28.30 26.10 2.0.47 15.35 9.55 6.48 291.64
TABLE VIII-Continued
Load on Strips as Numbered
tile, per
linear ft. % I2 2 21/4 3 PA ' 4 4¼ 5 51/2 6 61/2 7 7% Totals
Bedding No. 2(d) Slightly Compacted Sand
1680 2.50 3.37 4.63 9.75 29.37 23.12 43.13 41.75 43.12 33.13 12.50 9.13 4.12 0.50 0.12 260.24
1.31 1.94 4.37 9.44 20.93 28.12 43.13 41.75 43.13 28.12 20.93 9.44 4.37 1.94 1.31 260.23
0.70 1.04 2.35 5.08 11.26 15.13 23.20 22.46 23.20 15.13 11.26 5.o8 2.35 1.04 0.70 139.98
2500 4.00 6.25 7.88 14.37 45.00 34.37 56.88 51.88 58.75 51.88 24.37 17.50 10.50 2.13 0.62 386.38
2.31 4.19 9.19 15.94 34.69 43.13 57.81 51.88 57.81 43.13 34.69 15.94 9.19 4.19 2.31 386.40
1.25 2.26 4.95 8.59 18.70 23.25 31.17 27.97 31.17 23.25 18.70 8.59 4.95 2.26 1.25 208.31
.tx 3500 7.00 11.25 13.75 26.25 63.13 45.00 67.50 61.88 72.50 72.50 45.00 33.13 21.25 5.50 2.00 547.64
co 4.50 8.37 17.50 29.69 54.07 58.75 70.00 61.88 70.00 58.75 54.07 29.69 17.50 8.37 4.50 547.64
2.40 4.46 9.32 15.8r 28.80 31.29 37.28 32.96 37.28 31.29 28.80 •15.81 9.32 4.46 2.40 291.68
Bedding No. 3(d) Thoroly Compacted Sand
,68o 0.50 1.75 5.25 17.50 22.50 25.00 39.37 42.50 45.00 21.25 15.00 17.50 8.00 1.37
0.56 1.56 6.62 17.50 18.75 23.13 42.18 42.50 42.18 23.13 18.75 17.50 • 6.62 1.56
0.30 0.83 3.52 9.31 9.98 12.31 22.45 22.61 22.45 12.31 9.98 9.31 3.52 0.83
0.63
0.56
0.30
2500 1.62 3.25 8.13 30.00 33.75 39.37 55.00 57.50 63.75 35.63 24.37 26.25 11.25 2.25 1.37
1.49 2.75 9.69 28.13 29.06 37.50 59.37 57.50 59.37 37.50 29.06 28.13 9.69 2.75 1.49
0.79 1.46 5.13 14.89 15.39 19.85 31.43 30.44 31.43 19.85 15.39 14.89 5.13 1.46 0.79
3500 3.25 5.50 13.75 43.75 50.00 59.37 69.37 71.25 78.75 55.00 38.75 38.75 17.50 4.12 2.50
2.87 .4.81 15.62 41.25 44.37 57.19 74.06 71.25 74.06 57.19 44.37 41.25 15.62 4.81 2.87
1.52 2.54 8.26 21.81 23.46 30.24 39.16 37.67 39.16 30.24 23.46 21.81 8.26 2.54 1.52
263.12
263.10
140.01
393.49
393.48
208.32
551.61
551•59
291.65
TABLE IX
DISTRIBUTION OF PRESSURE IN THE UPPER SAND BEARING OF A 22-INCH TILE UNDER LOADS OF ,68o, 2500, AND 3500 POUNDS PER LINEAR FooT
Under each loading the first line is the average pull of two independent sets of readings, the second line is the average of corresponding readings on the
two sides of the center strip, while the data in the third line are those of line 2 reduced to loads on sections, corresponding to
respective strips, per linear inch of tile. Each section, therefore, measures I by I 1/16 inches
Load on Strips as Numbered
tile, per
linear ft. 2 23/2 3 4 4% 5 5% 6 65' 7 73/2 Totals
lb.
Room Dry Sand (o.o5 per Cent Moisture)
1680 10.63 10.00 11.25 12.50 20.00 21.88 21.88 29.38 23.75 21.88 15.00 10.63 moo moo 11.87 240.65
11.25 10.00 10.62 11.56 17.50 21.88 22.82 29.38 22.82 21.88 17.50 11.56 10.62 10.00 11.25 240.64
6.55 5.82 6.18 6.73 10.18 12.73 13.28 17.09 13.28 12.73 10.18 6.73 6.18 5.82 6.55 140.03
2500 • 15.63 13.75 15.63 20.00 30.62 33.13 31•88 47.50 38.12 -34.38 22.50 16.25 14.37 13.13 15.63 362.52
15.63 13.44 15.00 18.12 26.56 33.75 35.00 47.50 35.00 33.75 26.56 18.12 15.00 13.44 15.63 362.50
8.98 7.72 8.62 10.41 15.26 19.40 20.11 27.30 20.11 19.40 15.26 10.41 8.62 7.72 8.98 208.30
3500 20.00 18.75 20.00 26.88 42.50 46.88 46.88 66.87 55.63 47.50 31.87 23.13 16.88 15.63 19.37 498.77
19.68 17.19 18.44 25.00 37.18 47.19 51.25 66.87 51.25 47.19 37.18 25.00 18.44 17.19 19.68 498.73
11.51 10.05 10.78 14.62 21.74 27.60 29.97 39.11 29.97 27.60 21.74 14.62 10.78 10.05 11.51 291.65
Sand Containing 5.o per Cent Moisture
1680 16.25 8.75 9.37 13.13 16.88 20.62 24.37 26.25 24.37 21.25 15.63 moo 8.75 10.63 13.37 239.62
14.81 i 9.69 9.06 11.56 16.25 20.94 24.37 26.25 24.37 20.94 16.25 11.56 9.06 9.69 14.81 239.61
8.65 5.66 5.29 6.75 9.49 12.23 14.24 15.34 14.24 12.23 9.49 6.75 5.29 5.66 8.65 139.96
2500 x1.68 11.68 20.62 28.13 32.50 35.63 40.63 37.50 32.50 21.25 18.75 12.50 15.00 20.00 360.87,22.50
21.25 13.34 12.09 19.68 24.69 32.50 36.56 40.63 36.56 32.50 24.69 19.68 12.09 13.34 21.25 360.85
12.27 7.70 6.98 11.36 14.25 18.76 21.11 23.46 21.11 18.76 14.25 11.36 6.98 7.70 12.27 208.32
3500 26.25 15.63 15.63 30.00 38.75 48.13 50.00 59.37 53.13 49.37 30.63 26.88 16.88 17.50 25.00 503.15
25.62 16.57 16.25 28.44 34.69 48.75 51.56 59.37 51•56 48.75 34.69 28.44 16.25 16.57 25.62 503.0
14.85 9.61 9.42 16.49 20.11 28.26 29.89 34.42 29.89 28.26 20.11 16.49 9.42 9.61 14.85 291.68
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Fig. 26. Effect of Variation of Moisture Content of Sand and Compactness upon the
Distribution of Pressure in the Lower Sand Bearing of a 22-Inch Tile
Under Loads of x68o, 2500, and 3500 Pounds per Linear Foot
Some of the significant points developed by these studies, with fric-
tion strips, of bedding conditions are as follows:
1. For each of the three beddings, dry sand is the least satisfactory,
as in all cases the concentration of loading has been greatest with
dry sand.
2. The quantity of moisture in moist sand seems not to be of great
importance altho perhaps the most consistent results were obtained
with a moisture content of 5 per cent.
3. Loose sand is preferable to any degree of compactness, altho in
no case is the pressure distribution uniform.
4. Pressure distribution in the top bearing of the A.S.T.M. standard
sand bearing, while not uniform, is more nearly so under most conditions
than in the bottom bearing.
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Fig. 27. Effect of Variation of Moisture Content of Sand upon the Distribution of Pressure
in the Upper Sand Bearing of a 22-Inch Tile Under Loads of 1680,
2500, and 3500 Pounds per Linear Foot
MATHEMATICAL SOLUTIONS OF STRESSES IN PIPE
UNDER LOADINGS MEASURED BY
. FRICTION STRIPS
Figure 28 is a half-section of the center of wall of pipe being tested.
Loads are assumed concentrated at center of wall thickness and center
of strips as well. Loads are applied at points 2, Iy2, etc. to 7Y2 at
the center of each strip as shown in Figures 25 and 28. Right end
(upper bearing) is assumed free Xa being the unknown moment and
Xb the unknown normal component to be found. We may proceed by
summation from D to C, thence by integration from C to B, and again
by summation from B to A.
Table X gives values of ds for each section and method of calculation.
Section
(upper bearing)
4
31/2
3
214
2
I IA
1
'A
TABLE X
VALUES OF DS
Sin cc cc (radians) arc = ds
Section
(lower bearing)
.08854 505 .08872 1.065 4
.17708 100 12? .17802 1.072 314
.26562 I50 24' .26878 1.089 3
.35417 200 44.5' .36211 1.119 21A
.44271 26° 17'
.45873 1.159 2
.53125 32° 05'
.55996 1.216 11/2
.61979 38° 18'
.66847 1.302 I
.70833 45° o6', .78715 1.424 1/2
Table XI gives horizontal projections of midpoints of section from
right end.
Table XII gives M'ds for upper bearing, .:dry sand, using 3500
pounds total load and considering i inch length of pipe for convenience
in calculation. Column P gives the concentrated loads taken from
Table VIII. Column M' (moments at midsection) is arrived at by
taking I, 3, 5, 7, etc., multiples of preceding values of P respectively
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A Xb
Fig. 28. Actual Loads on Pipe-Sand Bearing
1.0625
, 
2
 
 the length of one half-section, being omitted as a common
multiple of all values of M' while ds is taken from Table X.
TABLE XI
HORIZONTAL PROJECTION, MID POINT OF SECTIONS
Section Sin cc cc Vers cc
Horiz. proj.
from right end (x)
Upper Bearing
4 .04427 2° 32' .00098 .0118
3% .13281 
7: 378: 
.00886
.02481 
.1063
3 .22135 12 4
:008298243 
.2977
2% 
4
.30990 18° 3' .5908
2 .39844 23° 29'
1% 29° 8' .12657 1..9591488
1 2 . 
.48698
35° 8'
41° 37° 
.18221 .1865
% 
•57552
.66406 .25233 3.0280
Lower Bearing
20.9720
21.8135
22.4812
23.0059
23.4092
23.7023
23.8937
23.9882
The next step required the integration of M'ds from C to B and
for this the resultant of forces acting on half the upper bearing is
found.
Table XIII is that part of M'ds which is due to the resultant
A
force on the upper bearing. Since 145.83 (the resultant force on
inch length of upper bearing) would be a common factor of all the
terms of this summation, it can be temporarily omitted. The summa-
tion would then consist solely of values of ds multiplied by their re-
spective lever arms, and the result would then be multiplied by 145.83
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to obtain M'ds.
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Table XIV is the remainder of M'ds, and is due to forces acting
A
on lower quadrant. This is obtained in a manner analogous to
Table XII.
Table XV is for the purpose of obtaining 11, M'Fc ds. M' is taken
from the last column of Table XII and from Table XI.
TABLE XII
UPPER BEARING, DRY SAND, TOTAL LOAD 3500 POUNDS (TABLE IX AND FIG. 27) AND USING
I-INCH LENGTH OF TILE. fil\I'DS
Section P M' ds Ards
4 19.56 • 19.56 1.065 21
314 29.97 88.65 1.072 93
3 27.60 215.31 1.089 235
21/2 21.74 391.31 1.119 438
2 14.62 603.67 1.159 700
I'/2 10.78 841.43 1.216 1022
I 10.05 1100.02 1.302 1432
5/2 11.51 1380.17 1.424 1966
145.83
-
5907
Table XVI gives that part of MT ds due to resultant force on
A
upper bearing; M' being, taken from the last column of Table XIII.
Table XVII gives the remainder of M'ds, due to forces acting
A
on lower bearing. The M' column is taken from Table XIV.
The values of EI8aa etc., have been developed under the previous
analysis of the Minnesota bearing and need not be repeated here. Equa-
analysis of the Minnesota bearing and need not be repeated here.
Equation (34) is —8'a = Xa 8. + Xb 8ab and Eq. (35) is 
—8% =
Xa 8ba Xb 8bb ; the derivation of these equations having been. previ-
ously explained. (See p. 27.) Solving, we get the value of Xa = 758.6;
this being the moment in inch-pounds for one-inch length of pipe, at
the top. Let M =- KPr, where P is total load on pipe, and r is radius
of middle of wall; K being an undetermined coefficient, then 758.6 X
12 = M; P = 3500 and r = 12. Solving for K we get
K=M 758.6 X 12
= 
pr 3500 X 12 
.217
By solving Xb and taking moments at A we can find MA and also K
at point A.
(36)
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In a similar manner, the values of K for the case where the lower
bearing is type I (c) are obtained; the only changes necessary being
in Tables XIV and XVII, which are replaced by Tables XVIII and
XIX.
For the Minnesota bearing (Fig. 4), the entire force exerted upon
the upper bearing is concentrated at the top and we may evaluate its
effect by a single integration from I) to A and add to that the effect
of the lower bearing already evaluated in Tables XIV, XVII, XVIII,
and XIX..
1.0625
:f4 M'ds = 5907 X
Resultant of above forces acts
2
= 3138
(29.97 X I ± 27'.60 X 2 etc. 2.77" above base.
145.83
37/4 M'rd0 = 537/4 145.83 (r sin° — 2.77) rd0
7/4 7r/4
o 37/ f
= 12 X 145.03 4 (12 sin° — 2.77) dO
7/4
/
= 1750 [- 12 COSO - 2.7701/73- 4 = 22084
ir 
TABLE XIII
BEDDING 3(a), DRY COMPACT SAND, TABLE VIII AND FIGURE 26
Ards for Upper Bearing
A
Section
'A
I
"4
2
22
3
VA
4
Lever arm ds
Lever arm X ds
5.20 1.424 7.405
4.14 1.302 5.390
3.07 1.216 3.733
2.01 1.159 2.330
.95 1.119 1.063
— .11 1.089 .120
— r.I8 1.072 1.375
-2.24 1.065 2.386
19.921 3.881
— 3.881
16.040
16.040 X 145.83 = 2339
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TABLE XIV
P . ds M'ds
1.94 1.94 1.302 2.5
5.00 10.82 1.216 13.2
9.13 33.83 1.159 39.2
io.58 76.55 1.119 85.7
15.27 145.12 1.089 158.0
28.11 257.07 1.072 275.6
47.71 444.84 1.065 473.8
1048.0
1.0625
1048X = 5572
EIS'a, = M'ds = 3138 + 22084 ± 2339 + 557 = 28118
(where x = horizontal projection of mid point
= vers0 rd0 of section from right. end.)
TABLE XV
UPPER BEARING
Section
4 21 .0118 0
35/2 93 .1063 10
3 235 .2977 70
2% 438 .5908 259
2 700
.9941 696
I% 1022 1.519 1552
I 1432 2.187 3132
% 1966 3.028 5953
1.0625
11672 • = 0201
2
TABLE XVI
LOWER BEARING
Section m'
% 7.405 20.972 155.3
I 5.390 21.813 117.6
x% 3.733 22.481 83.9
2 2.330 23.006 53.6
25's 1.063 23.409 24.9
3 - .120 23.702 2.8
3% -1.375 23.894 32.9
4 -2.386 23.988 57.2
435.3
- 92.9
342.4
92.9
342.4 X 145.83 = 49932
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er 145.0 3774 3 I12 /1, - 2.77) ( - COSO) r2d07r/ 4
= 145.83 X 122 37,4( 12 sin° - 2.77 - 12 sin° cos° + 2.77 cos0) dO
7r/4
.= 
42000[ 
][2-\/- 2'777 ]= 265007
2
TABLE XVII
Section
1/2
13/2
2
21/2
3
3Y2
4
24956 X
1\11.17c
0
2.5
13.2
39.2
20.972
21.813
22.481
23.006
55
297
902
85.7 23.409 2006
158.0 23.702 3745
275.6
473.8
23.894
23.988
6585
11366
24956
1.0625 = ,3258
2
E18b' = 6201 ± 2650074- 49932 + 13258 = 334,398
EI8aa = 7rr = 37.70
371-r3
EISbb - 
2 
= 0143
28118 = 37.7 Xa 452.4 Xb
334527 = 452.4 Xa ± 8143 X1,
ET8ab = EI8ba = 7rr2 = 452.4
506124 = 678.6 Xa ± 8143 Xi, (Es. 34 X 8143 )452.4
171597 = 226.2 Xa (Eq. 35a-Eq. 35)
.6
Xa = 758.6 
v 
= 
758 
= .21735oo
452.4 Xb = 28118 - 37.7 (758.6)
4.81
Xb = - = - 1.06
452.4
MA = 758.6 24 (-1..°6) ± (145'83 X 2.77)
- (1.94 X 7+ 5.00 X 6 etc.)
= 758.6 ± 25.4 ± 403.9 -281.3 = 906.6
T, 906.6
= = .2593500
(34)
(35)
(35a)
(36)
(37)
(38)
(39)
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TABLE XVIII
UPPER BEARING, DRY SAND, LOWER BEARING I (C) TABLE VIII AND FIGURE 26, LOOSE SAND
CONTAINING 5 PER CENT MOISTURE
Section ds M'ds
'A 6.61 6.6i 1.302 8.6
1 10.16 30.09 1.216 36.6
I% 14.06 77.59 1.159 89.9
2 19.65 158.90 1.119 177.8
2r/2 28.45 288.31 1.089 314.0
3 25.24 472.41 1.072 506.4
31/2 28.79 708.54 1.065 754.6
4
1887.9
1.0625
1887.9 X-= 1003
2
E18'a = 3138 + 22084 ± 2339 -I- 1003 = 28564
Note: EI8ra is calculated from values in Tables XII, XIII, and XVIII.
Section
% .o
i 8.6
I% 36.6
2 89.9
21A 177.8
3 314.0
VA 506.4
4 754.6
TABLE XIX
M'R
20.972 0
21.813 188
22.481 823
23.006 2068
23.409 4162
23.702 7442
23.894 12100
23.988 18101
44884
1.0625
44884 X = 238452
EI8'b = 6201 + 265007 ± 49932 ± 23845 = 340114
Note: EI8'b is calculated from values in Tables XV, XVI, and XIX.
28564 = 37-70 Xa 452.4 Xb
344985 = 452.4 Xa ± 8143 Xb
514152 = 678.6 Xa + 8143 X11
169167 ------- 226.2 Xa
747-9 
Xa = 747-9 K = - .214_35oo
28564 - (747-9 X 37:701 368Jib - =   ± .8i
452-4 452-4
= 747-9 - 24 (Si) ± 403.9 - (6.61 X 7, etc.)
. = 747-9 - 19-5 ± 403.9 - 420.8 = 711.5
(40)
(40
(42)
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71 1 .5Ty.
= 3500 .203
 (43)
Minnesota Bearing—Bedding 3(a), Table VIII and Figure 26
r/2 ., „ 7/2145.83 msa) rau = 21000 [-COSU] 
o 
= 420000
From Table XIV, 557 must be added or EIS'a = 42557
S7/2. 145.83 (r sin0) (1 — cos0) r2d0 = 25200057r/20 0
(sin° — sin° cos0) dO
252000 [ — cos0 sin20 7r/2 ----- 504000
2 10
From Table XVII, 13258 must be added or EI8rb = 517258
42557 = 37-7 X. + 452.4 Xb
517258 = 452.4 Xa ± 8143 XII
766026 = 678.6 Xa 8143 Xb
248768 = 226.2 Xa or Xa = 1096
K 1096 = .313
3500
-v 42557 — 37-7= 1096 ,
.Lx.b = = 2.74
452-4
(44)
(45)
MA = 1096 — 24(2.74) — 281.3 =--= 749 (46)
K= 749 = .214 *(47)35oo
Bedding 1(c), Table VIII and Figure 26
EIS'a = 43003 and EI8'b = 527845
Note: EI8'a, and EI8'b were calculated from values in Tables XVIII,
XIX, and Minnesota Bearing— Lower Bearing 3(a).
43003 = 37.7 X. + 452.4 Xb
527845 -= 452.4 X. ± 8143 Xb
774054 :7= 678.6 Xa -I-- 8143 Xb
246209 = 226.2 Xa
Xa = 1088
K= .311
(48)
. (49)
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xb 43003— 37.7X Io88 + 4.39
452.4
MA = 1088 - 24 (4'39) - 420.8 = 562 (50)
K 562 
.161 (503500
STRENGTH RATIOS OF DIFFERENT BEARINGS
The results obtained by these mathematical solutions of stresses in
pipes, under the loadings measured by friction strips, may be readily
correlated with the strength tests of Table II and Figure 5 if it is kept
in mind that the breaking load, for any given pressure distribution, is
in proportion to the moment M, while for different pressure distribu-
tions the breaking load is inversely proportional to the value of the
coefficient K. Therefore the Sand/Minnesota bearing ratio (of break-
ing loads) is equal to .313 — 1.46 by comparing Figures 29(C) and
.214
29(B) and is equal to .31 = 1.20 by comparing Figures 29(D) and
.259
29(A). By the use of moist, loose sand in the lower bearing and dry
.3ii
sand in the upper bearing the ratio becomes  
14 
= 1.45 when Figures
.2
29(D) and 29(B) are compared.
The bearing conditions considered are extremes, and a pressure
distribution between these extremes more nearly represents the condi-
tions under which the tile tests were made as recorded in Table II. As
a matter of fact, the mean of 1.46 and 1.20 is 1.33, which is very closely
in agreement with the experimental value of 1.31 for the strength ratios
as shown in Figure 5, for tile sizes 14 to 30 inches inclusive.
It will be noted that with the Minnesota bearing the maximum
moment comes under the top bearing and the value of this moment
changes very slightly under the extreme bedding conditions considered,
the actual change being —.313 = 1.006, or less than i per cent. This
.311
indicates that extreme care in bedding the tile is not necessary for an
accurate test with the Minnesota bearing. With the sand bearing, under
extreme bottom bedding conditions, shown in (A) and (B) of Fig. 29,
the moment varies from a maximum at the bottom in one case to a
maximum at the top in the second case, the actual difference being 
.259
.214
= 1.210, or 21 per cent. It is evident from this that not only must
some definite condition of bedding be specified; but also that extreme
care must be used in bedding the tile if uniform test results are to be
obtained with the sand bearings. As a consequence, it appears that the
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Minnesota bearing is more suitable for routine tile testing than is the
standard sand bearing.
SAND
BEARING
MINNESOTA
BEARING
Fig. 29. Values of the Coefficient K, as Developed Mathematically, for Calculating, by the
Equation M = KPr, the Moments for Load Distributions as Shown at
Top and Bottom of Circular Pipe
For the same external load P, the moments at the uppermost point
of tile in the three-edge bearings, as indicated by Equation (i6), is
very nearly the same as for tile in the Minnesota bearings, as indicated
by Equations (45) and (49). At first thought this appears inconsistent
in view of the different load-supporting strengths, as determined ex-
perimentally and illustrated in Figure 5, but can, at least in part, be
accounted for as follows: (1 ) The moment due to own weight of tile
differs greatly for the two bearings as it is 0.2385 Wr (27) for the
two-edge bearing and 0.0707 Wr (28) for the Minnesota bearing,
assuming parabolic distribution of pressure. Thus tile in the three-
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edge bearing start the test under handicap and consequently break
under a smaller superimposed bending moment. This weight is negligi-
ble for small tile but becomes large for large tile. This is no doubt
one factor that caused the apparent tendency of the sand/Minnesota
ratio to decrease with the size of tile, as evidenced by Figure 5. In
the main body of these tests there is some doubt as to the proper value
of moment caused by own weight of tile, because the distribution of
pressure had not been analyzed at the time the tests were made. There
is, as a consequence, no way to correct the data for moment due to
own weight. Such a correction applied to the 22-inch tile explains part
of this discrepancy, but not all of it. (2) Another difference, and one
which can not be quantitatively evaluated, is that for tile tested in the
three-edge bearing the moment may reach its maximum almost simul-
taneously at each extremity of the vertical diameter while in the Min-
nesota bearing the moment always reaches its maximum in the upper
extremity of the vertical diameter. Thus there are two chances for a
weak spot to occur at a point of maximum moment in the three-edge
bearing against one such chance in the Minnesota bearing. This means
that the general average supporting strength for a number of tile tested
in the three-edge bearing would be somewhat less than for the same tile
tested in the Minnesota bearing. This, taken in connection with the
additional moment produced by own weight of tile, probably explains
the difference between the experimental data and the mathematical
analyses as presented in this paper.
LOADS ON PIPES IN TRENCHES
Consideration of actual load requirements of pipes in trenches is
closely related to the practical phase of tile testing. The nomograph
of Figure 30 is presented to make available a simple means of readily
determining the generally accepted load requirements, as determined
experimentally by the Iowa State College of Agriculture and Mechanic
Arts [Do] [i8] for three types of saturated soil Inost commonly en-
countered. Loads obtained by the use of scales ( ) and (2) will closely
agree with those given in Table II of the A.S.T.M. See Standard
Specifications for Drain Tile.6 This nomograph has been constructed
from values derived by solution of the Marston [To] Formula W =
CwB2 in which
W = total weight on pipe, per unit of length.
w = weight of ditch filling, per unit of volume.
B = the breadth of the ditch a little below the top of pipe.
C = coefficient of loads on pipes in ditches and is the average verti-
cal pressure per unit area in a ditch of unit width under a
ditch filling material weighing unity per unit volume.
Page 202, 1927 Book of A.S.T.M. Standards.
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Fig. 30. Solution by Nomograph of Marston Formula for Calculating Loads
on Pipes in Trenches
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SUMMARY
1. From the experimental data of this report, the ordinary support-
ing strength of drain tile of diameters 6 to 30 inches tested in the
three-edge bearing should be multiplied by the factor of 1.49 to reduce
the test results to sand-bearing values. This checks almost exactly the
1.50 value recommended for drain tile by Committee C-6 of the
A.S.T.M.
2., From the experimental data of this report, the ordinary support-
ing strengthS of drain tile of diameters 14 to 30 inches tested in the
Minnesota bearing should be multiplied by the factor 1.31 to reduce the
test results to sand-bearing values. In even figures this is a strength
ratio of 4/3.
3. Summarizing the results of the mathematical analyses presented
in this report on the basis of uniform distribution of pressure in the
sand of both sand and Minnesota bearings, and assuming that the solu-
tions of the equation for the two-edge bearing closely approximate con-
ditions of the three-edge bearing, the theoretical strength ratio for the
.3183
sand and three-edge bearings is = 1.89, while that for the sand
.1687
3054
and Minnesota bearings is  .= 1.81. As will be noted, neither of
.1687
these values closely checks the experimental results:
4. Results of the mathematical analyses, as presented on the basis
of parabolic distribution of pressure in the sand for both sand and
Minnesota bearings, give a strength ratio for the sand and three-edge
3183 bearings of .= 1.58, and for the sand and Minnesota bearings
.2020
.3105
 = 1.54. These values are still far from satisfactory, altho more
.2020
closely in agreement with the experimental results than the values of
paragraph 3.
5. Results of the mathematical analyses based on a pressure distribu-
tion in both sand and Minnesota bearings most unfavorable to the tile,
as determined experimentally by the use of friction strips as recorded
under Bedding 3(a) of Table VIII and illustrated in Bedding 3(a) of
Figure 29, give a strength ratio for the sand and three-edge bearings of
.3183 313
= 1.23 
.
, and for the sand and Minnesota bearings = 1.21..
.259 .259
6. Results of the mathematical analyses based on the pressure dis-
tribution in both sand and Minnesota bearings most favorable to the
tile, as recorded under Bedding 1(c) of Table VIII, and illustrated in
Bedding I (c) of Figure 29, give a strength ratio for the sand and
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.3183three-edge bearings of  
.214 
-= 1.49, and for the sand and Minnesota
.3"bearings 
.214 
= 1.45.
7. If the most unfavorable condition of bedding for the sand bear-
ing be compared with the most favorable condition for the Minnesota
bearing, the ratio is '31 =- 1.20.
.259
8. If the most favorable condition of bedding for the sand bearing
be compared with the most unfavorable condition for the Minnesota
bearing, the strength ratio is '313  — 1.46.
.214
9. Taking the mean of the extreme' values of the strength ratio of
the sand and three-edge bearings as given in paragraphs 5 and 6, we
23 ± 1.491. 
have= 1.36, which is considerably under the value of
2
1.49 as determined experimentally.
io. Taking the mean of the extreme values of the strength ratio
of the sand and Minnesota bearings, as given in paragraphs 7 and 8,
61.20 ± 1.4
we have = 1.33, which is in close agreement with the value
of 1.31 as determined experimentally for tile sizes of diameters 14 to
30 inches, so that the factor of 4/3 for converting test results made
with the Minnesota bearing to sand-bearing results appears reasonably
accurate.
H. Except under most favorable conditions the concentration of
loading on the bottom quadrant of pipe tested in the -sand bearings is
somewhat greater than generally assumed, while under unfavorable
conditions it may be very much greater. Bedding with loose sand con-
taining 2.5 and 5 per cent of moisture produces the most favorable
conditions, in the matter of pressure distribution, while bedding with
thoroly compacted dry sand produces the most severe. Considering
all degrees of compactness of sand used in the tests, that with 5 per cent
moisture gives the most consistent results.
12. The maximum moment for pipe tested in the sand bearing may
be either at the top of the pipe or at the bottom, depending upon con-
ditions of bedding.
CONCLUSIONS
A multiplying factor of 3/2, as generally used to reduce crushing
strength tests of circular pipe made in the three-edge bearing to results
on a sand-bearing basis, is closely correct.
A multiplying factor of 4/3 to reduce crushing strength tests of
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circular pipe made in the suggested Minnesota bearing to results on a
sand-bearing basis is closely correct.
It is recommended, when applying the crushing test in the A.S.T.M.
standard sand bearing, or in the suggested Minnesota bearing, that the
sand used contain about 5 per cent moisture, and that the sand of the
lower bearing be loosened by spading immediately before placing each
tile for the test. Unless due attention be given both these details, con-
sistent test results will not be obtained in the standard sand bearing.
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